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STATIONARY SOLUTIONS TO THE BOLTZMANN EQUATION IN 
THE HYDRODYNAMIC LIMIT 

R. ESPOSITO, Y. GUO, C. KIM, AND R. MARRA 


Abstract. Despite its conceptual and practical importance, the rigorous derivation of the 
steady incompressible Navier-Stokes-Fourier system from the Boltzmann theory has been an 
outstanding open problem for general domains in 3D. We settle this open question in the affir¬ 
mative, in the presence of a small external field and a small boundary temperature variation for 
the diffuse boundary condition. We employ a recent quantitative L 2 — L°° approach with new 
L 6 estimates for the hydrodynamic part P/ of the distribution function. Our results also imply 
the validity of Fourier law in the hydrodynamical limit, and our method leads to asymptotical 
stability of steady Boltzmann solutions as well as the derivation of the unsteady Navier-Stokes- 
Fourier system. 
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1. Introduction 


1.1. Background. The hydrodynamic limit of the Boltzmann equation has been the subject of 
many studies since the pioneering work by Hilbert, who introduced his famous expansion in the 
Knudsen number e in [531 [36], realizing the first example of the program he proposed in the sixth 
of his famous questions [23 • Mathematical results on the closeness of the Hilbert expansion of 
the Bolzmann equation to the solutions of the compressible Euler equations for small Knudsen 
number e, were obtained by Caflisch El) and Lachowicz [25] , while Nishida [25] , Asano and Ukai 
[4] proved this by different methods. More recently, the convergence in the presence of singularities 
for the Euler equations have been obtained in [55] and [55] • The relativistic Euler limit has been 
studied in Ell- 

On a longer time scale e 1 . where diffusion effects become significant, the problem can be faced 
only in the low Mach numbers regime (Mach number of order e or smaller) due to the lack of 
scaling invariance of the compressible Navier-Stokes equations. Hence the Boltzmann solution has 
been proved to be close to the incompressible Navier-Stokes-Fourier system. Mathematical results 
were given, among the others, in [16] [IT] [29, 31, [32] for smooth solutions. For weak solutions 
(renormalized solutions), after several partial steps [7[ [8] [9] UHl US [27], the the full result for the 
convergence of the renormalized solutions has been obtained by Golse and Saint-Raymond [25] , 
For more references, see [251 . 

Much less is known about the steady solutions. It is worth to notice that, even for fixed Knudsen 
numbers, the analog of DiPerna-Lions’ renormalized solutions m is not available for the steady 
case, due to lack of L 1 and entropy estimates. In B3I2H], steady solutions were constructed in 
convex domains near Maxwellians, and their positivity was left open. The only other results are 
for special, essentially one dimensional geometry (see [3] for results at fixed Knudsen numbers 
and [T9] [20] [I] [2] for results at small Knudsen numbers in certain special 2D geometry). In a 
recent paper [18], via a new L 2 — L°° framework, we have constructed the steady solution to 
the Boltzmann equation close to Maxwellians, in 3D general domains, for a gas in contact with 
a boundary with a prescribed temperature profile modeled by the diffuse reflection boundary 
condition. The question about positivity of this steady solution was resolved as a consequence 
of their dynamical stability. As pointed in [25], despite the importance of steady Navier-Stokes- 
Fourier equations in applications, it has been an outstanding open problem to derive them from 
the steady Boltzmann theory. 

The goal of our paper is to employ the L 2 — L°° framework developed in [18] to study the 
hydrodynamical limit of the solutions to the steady Boltzmann equation, in the low Mach numbers 
regime, in a general domain with boundary where a temperature profile is specified. In order to 
perform the hydrodynamic limit, uniform in e estimates are required. To achieve this we need to 
show higer integrability than L 2 for the slow modes of the solution. 

Let 9 be a bounded open region of W 1 for either d = 2 or d = 3. We consider the Boltzmann 
equation for the distribution density F(t,x,v) with t £ K+ := [0,oo), x £ 9, v £ R 3 . In the 
diffusive regime, the time evolution of the gas, subject to the action of a field G, is described by 
the following rescaled Boltzmann equation: 


8 t F + e~ 1 v ■ V X F + G ■ V v F = s~ 2 Q(F , F) 


( 1 . 1 . 1 ) 


where the Boltzmann collision operator is defined as 



J R 3 J S 2 


:= Q+(F,H)(v)-Q-(F,H)(v), 


with v' = v — [{y — u) ■ w\ui, u' — v + [(u — u) ■ w]w. Here, B is chosen as the hard spheres cross 
section throughout this paper, 


B(V,u) = \V ■ uj\. 


( 1 . 1 . 2 ) 
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The interaction of gas with the boundary dtt is given by the diffuse reflection boundary condi¬ 
tion, defined as follows: Let 

L, .,|2. 


M, 


p,u,T •- 




■ exp 


2 T 


be the local Maxwellian with density p, mean velocity u, and temperature T. For a prescribed 
function T,„ on dfl, we define 

l2ir 

M q „ = \! —(1.1.3) 


We impose the diffuse reflection boundary condition as 

F=&f(F), on 7 _, 

where 

^^F(x,v) := M w (x,v) I F(x, u){n(x) ■ u}dt 

J n(x)-u> 0 


(1.1.4) 


(1.1.5) 


Here, we denote by n{x) the outward normal to dfl at x £ dfl and we decompose the phase 
boundary 7 := <912 x R 3 as 

7 ± : = {(XjU) € 912 x R 3 : n(x) ■ v z? 0}, 

70 := {(x,u) € 912 x R 3 : n(x) ■ v = 0}. 


( 1 . 1 . 6 ) 


We remind that the boundary condition (11.1.41) . (11.1.51) ensures the zero net mass flow at the 
boundary: 


/ F(x, v){n{x) ■ i>}di; = 0, for any x € dfl. 

J R3 


The rescaled Boltzmann equation (11.1.11) is studied under the assumption of low Mach numbers, 
meaning that the average velocity is small compared to the sound speed. This can be achieved by 
looking for solutions 

= (1.1.7) 

with the global Maxwellian 

»(v) = = ( 1 . 1 . 8 ) 

Here, the number DJI is proportional to the Mach number. The case of DJI = e corresponds to the 
incompressible Navier-Stokes-Fourier limit (INSF) that will be discussed in this paper. The case 
of DJI <C £ corresponding to the incompressible Stokes-Fourier limit, is simpler and the results of 
this paper also cover this case which will not be discussed explicitly. 

The condition (II.1.71) . once assumed initially, needs to be checked at later times. By multiplying 
(11.1.11) by v and integrating on velocities, we see that the change of mean velocity is proportional 
to G. Thus, we need to assume G = 971$ with a bounded $. Moreover, to make (11.1.71) compatible 
with the boundary conditions, we need to assume that T w = 1 + 97W,„. In particular, for the INSF 
case, we have 

G = e$, T w = l+ed w . (1.1.9) 


1.2. Notation and preliminary definitions. Let B„. be any fixed smooth function on O such 
that 0u,|dn = ftw and 

||©uj||iv 1 '“(n) fS II^TO||ivu°°(an). (1.2.1) 

Let 

fw = ^fl[Q w (\v\ 2 ~3)/2 + Pw ], p w = -0 W + Ifip 1 [ e w , (1.2.2) 

J n 

where /1 is the standard Maxwellian in (11.1.81) . The average of Q w is added so that ff nxR3 f w = 0. 
We look for a solution in the form 

F = n + etfUU + f). ( 1 . 2 . 3 ) 
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Note that there is no loss of generality in assuming that the zero-mass condition 

ff fvn= 0, (1.2.4) 

JJ nxi 3 

so that ff QxR3 F = JJq xR3 M = 1^1- 

Our aim is to show that we can construct / such that F solves (11.1.11) and (11.1.4|) both in the 
steady and unsteady case. Moreover, as e — > 0, / converges to some suitable sense to /i given by 

fi : = [p + u-v+ ^ 2 3 6>] v ^I, (1.2.5) 

where ( p , u, 9) represents the density, velocity, and temperature fluctuations. The density and the 
temperature fluctuations satisfy the Boussinesq relation 

V x {p + 9) = 0, (1.2.6) 


and the velocity and the temperature fluctuations satisfy the Incompressible Navier-Stokes Fourier 
System (INSF) 

dtu + u ■ V x u + V x p = dA u + $, Va, • u = 0 in 12, 
d t 9 + u ■ V x (9 + Q w ) = kA( 6 + O w ) in 12, 
u(x, 0) = uo(x), 9(x,0)=9o(x) in 12, 
u(x ) = 0, 9(x) =0 on 912, 


(1.2.7) 


where 0 is the viscosity and k is the heat conductivity and p the pressure. We have used the 
function 0 W in our definition to impose the null boundary data for 9. 

We recall the definition of the linearized collision operator: 


Lf = --^=[Q(p, y/Jif) + Q(vfa ./»], 


and the nonlinear collision operator: 


r (f,g) = ^[Q( v / M/,v / Mfl , ) + <9(v / Mfl , I v / M/)]. 


( 1 . 2 . 8 ) 


(1.2.9) 


The null space of L, NullT is a five-dimensional subspace of L 2 

Id 2 - 3 


spanned by 


P, Vy/fl, 


We denote the orthogonal projection of / onto NullL as 

P/ = ay/Ji + v ■ b^fjl 


\v\ 2 -3 




( 1 . 2 . 10 ) 


and (I — P) the projection on the orthogonal complement of NullL. The inverse operator L _1 is 
defined as follows: if P g = 0, L~ l g is the unique solution of L(L~ 1 g) = g , and P(L -1 g) = 0. 
Note that the functions f± and f w are in NullL. 

It is well-known that, (see m 

Lf = vf — Kf , 

where the collision frequency is defined as 

v(v) = = [ f \(v - u) ■ u]\y/jl(u)du)du. 

VL ii 3 Js 2 

For the hard sphere cross section (11.1. 2D . there are positive numbers Co and C\ such that, for 

(v) := a/1 + M 2 , 

Cq(v) < v{v) < C\(v). (1.2.11) 

Moreover the compact operator on L 2 (l/), K is defined as 

Kf = ^-[Q+(p,,CJIf) + Q + (C]2f,p)-Q-( f j,,CJIf)\= ( [ki(u,d) - k 2 {v,u)]f(u)du. 
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The operator L is symmetric on the dense subspace D L = {/ g L 2 (R 3 )|u^/ g L 2 (R 3 )} : 
(f,Lg) 2 = (g,Lf) 2 where (•, -) 2 is the L 2 (R 3 ) inner product. 

The following spectral inequality holds for L: 


(f,w) 2>lk 1/2 (i-p)/lli 2(R 3)- 


( 1 . 2 . 12 ) 


1.3. Boundary Conditions. From the definition of 0^, we have 


M 


1+epw ,0,1+eOu 


— o,i+ E e„)- 


Moreover, by expanding Mi +epnl ,o,i+ e e m in £, we get 

^^l+ep Wl 0,1+50^, P T £fw\fp T £ Pet 

where 

We\<0(\\M\l^)){v) A p{v). 

Therefore, on y_ 

p + ef w ^/p + £ 2 Pe^P = ^™(g, + ef w ^jl + £ 2 ipe 
On the other hand, from (11.1.41) and (II.2.311 . on y_, 

P + £(fw + f)^P = + £(fw + /)Vm]- 

Subtracting above two equations, we obtain the boundary condition for /: 

/| 7 _ = v / M" 1 ^(v / M/) + ^ 

with 

r = \[P 1 (\fPPe) ~ Pet ML“(dnxR 3 ) ^ £|$iu|L“(dn)- 
Furthermore we can write 

= p 7 / + £ ^/, 

with 

P 7 /(x,u) := V2n\/g{v) / f {u)^/ p(u){n(x) ■ it}dit, 

J n(x)-u> 0 

■ 2 / := e-'yiT'&fiVfin-P-yf]- 

Note that the boundary operator J2 is bounded uniformly in £ and, for 0 < [3 < i, 

\e^ ^/|i“(onxR 3 ) 

This follows by expanding M w in (11.1.31) with T w = 1 + £$„, in e to obtain 

M w (x,v) = V2np(v) + EtfwVZi r(-^--2)/i(x) + £ 2 0(\'d w \ 2 )(v) 4 p(v). 

Hence the boundary condition for / becomes 

/ = P 7 / + e[<S/ + r], on y_ 


(1.3.1) 

(1.3.2) 

(1.3.3) 


(1.3.4) 

(1.3.5) 

(1.3.6) 

(1.3.7) 

(1.3.8) 

(1.3.9) 


with J2 in (II. 3. 61) and r in (II. 3. 41) . 

From f n . v<0 p{n ■ i>}dv = —1 = f n . v<0 M w {n ■ x}dx and (11.3.41) and (jl.3.6ll . it follows that 
/ J2fy/jl{n(x) ■ x}dx = 0=1 r^/JI{n(x) ■ x}dx, for any x € dCl. (1.3.10) 

Jn(x)-v <0 «/ n(x)-v <0 


Notation. We use || • || p and || • ||lp for both of the L p (Cl x R 3 ) norm and the L p (Cl) norm, and 
(•, •) for the L 2 (Cl x R 3 ) inner product or L 2 (R 3 ) inner product, where Cl := S7U<9fh We subscript 
this to denote the variables, thus || • \\ l p means L p ({y G Y}). We denote || • \\ v = Hu 1 / 2 • || 2 and 

II/IIh'' = II/II2 + Et= 1 W^ifh- We also denote || • \\ L p L9 := || • \\ L p(l«) ■= |||| • IU*|| L p- For the 
phase boundary integration, we define dy = | n(x) ■ u|d5(x)dn where dS'(x) is the surface measure 
and define |/| p = / | /(x, x)| p dy and the corresponding space as L p (9fi x R 3 ; dy) = L p (dfl x R 3 ). 
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Further |/| p> ± = |/l 7± | p . We also use \f\ p = f gQ \f(x)\ p dS(x). Denote f± = / 7± . X <Y is 
equivalent to X < CY, where C is a constant not depending on X and Y. We subscript this to 
denote dependence on parameters, thus X < a Y means X < C a Y. The notation X <C Q Y is 
equivalent to X < C a Y , where C a > 0 is sufficiently small. 


1.4. Main Results. We first focus on the steady case. The steady solution to the Boltzmann 
equation is obtained with the same procedure discussed before for the unsteady case: 


Fs — ^ t e^Jl[f w T fs\. 

The unknown f s has to satisfy the following equation 


9 1 

v ■ V x f s + e 2 ——<5> • X 


y/Jifs +£ 1 Lf s — Lif s + r(f s , f s ) + A s , 


where 


Llf a = -^=[Q(y/jifw, y/hfs) + Q{yfiifs,yfiifw )\, 

As — £*& * Xyfjl X ' V xfw £ 'l* ' X v yffxfw T T(f w , fm) 


yfr' 


with boundary conditions 


(1.4.1) 

(1.4.2) 

(1.4.3) 

(1.4.4) 


fs = P-ifs + ei^fs+r], on 


(1.4.5) 


with c2 in (II. 3. 61) and r in (II. 3. 41) . 

Note that, by (II. 2. 2D . 

P A s = e<F • vy/ji, [[ A S y/Jl = 0. (1.4.6) 

JJ QxR 3 


Theorem 1.1. Assume Q is an open bounded subset of R 3 with C 3 boundary dCl. We also assume 
the hard sphere cross section 11.1.2 )) . 

//$ = Q(x) € Cd w e W^idQ) and 

ll^llff 1 /2(an) + ||4>|| i 2( n ) <c 1, (1-4-7) 

then, for 0 < £ C 1, there is a unique positive solution F s > 0, given by \1.2.S\) with f s satisfying 
\l.f.2\) and the boundary condition 1 1.3. 91) . 

Moreover, 

\\fsh + \\Pfs\\ 6 +e- 1 \\(I-P)fsh + e-i\(l-P 1 )f s \ 2 , + +ei\\wf s \\ 00 < z:l, (1.4.8) 

where w(v) = e^ v ^ with 0 < (3 <C 1. Finally, as e ^ 0, f s converges weakly to /i, s = [u s • v + 
0 s (|i>| 2 — 5)/2 }y/JI with ( p s ,u s ,6 s ) the unique solution to the steady INSF with Dirichlet boundary 
conditions and subject to the external field <f>: 

u s ■ X x u s + X x p s = dA u s + 4>, X x ■ u s = 0 in fl, 

u s ■ X x (6 s + Q w ) = kA(9 s + Q w ) in 12, (1.4.9) 

u s {x) = 0, 0 S (x) =0 on dfl. 


Remark. In particular Theorem [777] implies the existence of solutions to the stationary INSF 
boundary value problem for small force and boundary temperature in the sense of {l.f.Dj . 

Note that, if <f> = X X U is a potential field, u s = 0, p s = U is solution to the above system. 
Therefore, in order to have a stationary solution with non vanishing velocity field, we may assume 
that <f> is not a potential field, such that X x • = 0. (See 1231 1 


It is important to note that the key difficulty in this paper is to control the ‘strong’ nonlinear 
terms T(f s ,f s ). The hard spheres cross section is used to control the term ev • $/ coming from 
the external field. 

We use the quantitative F 2 — L°° approach developed in [T8], in the presence of e. We start 
with the energy estimates to get 

Jll(i-P)/ s |U<l|r(/ s ,/ s )||2 + i- 
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The missing P R s can be estimated by the coercivity estimates in [18j . with carefully chosen proper 
test functions in the weak formulation, such that (Proposition 12.91) : 

||p/ s || 2 <i||(i-p)/ s ||, + ||r(/ s ,/ s )|| 2 + i. 

We split 

|r(/ s ,/ s )| < |r(P/ s , / s )|+|r((i-P)/ s , / s )| < |r(p/ s ,p/ s )|+|r(p/ 3 ,(i-p)/ s )|+|r((i-p)/ s ,/ s )|. 

Since we expect e _1 || (I — P)f s \\ v < 1, the last two parts of the nonlinear term are estimated as 

l|r(P/-> (I - P)/,)ll 2 + l|r((I - P)/ 3 , / s )|| 2 < [£-1(1 - P) a ||a][e||/ a ||oo]- 

For the first main contribution, if we have 


||P/»IU» < 1, (1-4.10) 

then ||r(P/ s ,P / s )|| 2 < || Py s || 3 1| P/ s ||6 ^ 1- Thanks to this L 6 bound, we can control the other 
two terms by establishing 

WfsWoo < ^WVfsWL* + -±=[£-1(1- P) s || 2 ] < -J=. 

We now sketch the main idea for establishing such a crucial L 6 estimate for P/ as stated in 
Proposition 12.91 For simplicity, we consider a model problem of 

" VJ=fEt ’ ff fdxdv = °' 

and look for estimate for a{x) = f R3 f^/JIdv. In [18|, we developed a quantitative method to 
estimate L 2 norm of a(x), by carefully choosing a test function ijj = (|u| 2 — j3 a )v • 'V x (f> a y/]1 with 
—A x (f> a = a(x), and the Neumann boundary condition = 0. This process is similar in spirit 
to the energy estimates in elliptic problems. The main contribution f — A x c/> a a = ||a || 2 2 results 
from the Green’s identity of f v ■ Vxfi/jdxdv, which leads to L 2 control of a. The new observation 
is that the key requirement for choosing <f> a is f f V x (f> a g < +oo, or 

V x (/> 0 £ L 2 . 

By Sobolev embedding in 3D, it suffices to require — A cf) a £ Therefore, we may choose 

-A 4> a = a 5 (x) - ID ^ 1 f a 5 , 

J n 

to obtain a main contribution ||a||| a = J— A x (f> a a. To close such a L 6 estimate, we need a L 6 
bound of (I — P )/, which is controled by interpolation between a L 2 bound of e _1 (I — P )/ (from 
energy estimate) and L°° bound for e 1 / 2 /. We also need to control L 4 / 3 norm of V x (j)a at the 
boundary, which is luckily bounded by ||a ||^ 6 exactly via the trace theorem. Such a L 6 estimate 
seems natural in terms of scalings of Sobolev spaces in 3D and should lead to more applications 
in the future. 

We remark that such a L 6 estimate is very different from the celebrated Averaging Lemma for 
v- S7 x f = g £ L 2 , which states a gain of L 3 integrability {H 1 ' 2 regularity) for any velocity average 
of / in the whole space without boundary. Our L 6 estimates are stronger than L 3 , but only work 
with an additional assumption (I — P)/ £ L 6 . 


We remark that the convergence results provided by Theorem 1 1.1 1 does not give any indication 
on the rate of converge in e of the solution to its limit. To discuss this we can be inspired by the 
Hilbert expansion. 

Let us denote F = g + e^fgg and g\ = ^/Jd(p s + u s ■ v + (9 S + O UI )(|u | 2 — 3)/2), 

3 3 


:= - ^2 £/ij[d Xi Uj !S + d Xj u ijS ] + ^2 ^ d xi( d s + ®w) 


gi 


i,j = 1 

‘-I 


(1.4.11) 




M - 3 


02 Vd, 


2 
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where and 38^ are given by 

= L _1 (^/Ji(viVj - 38i = L~ 1 (y/jivi{\v\ 2 -5)), 


and 02 =p s — fps ~ ( 0 S + O w )ps- 
We define 




R s = 

1 

£ 2 

{fs + fw — (ffl + £52)}, 


so that 









F s = 

P + 


+ £<?2 + e 2 R s )- 

(1.4.12) 

Then R s 

satisfies the equation 





V 

V x i? s + £ 2 ——$ • V„ 
Vp 

y/jlRs 

+ £ 

- 1 lr s 

= LiR s + e 1/2 r(R s , R s ) + s^ 2 A s , 

(1.4.13) 

with the 

boundary condition 








R = 

P 1 R 

+ eJ2R 

1 

+ £ 2 r, on 7 _. 

(1.4.14) 

Here A s 

is given by 






A s 

= -(I-P )[v-V x g 2 ]- 

1 

to 

71 

ST 

,02) 

— £{d> • 

J=V„ [y/ji(gi + eg 2 )\ -T(g 2 ,g 2 )}- 

(1.4.15) 


Equation ( 11 . 4 . 131 ) is similar to the one for f s with the extra factor yfe in front of the non linear term 
T(R S , R s ). In fact, using the same arguments employed to prove Theorems 1 1.1 1 we can control the 
error between solutions of the Navier-Stokes-Fourier approximation and the Boltzmann equation: 


Theorem 1.2. If = <E>(a;) £ H 2 (It) (~l C 1 (r2), d w £ H 7 / 2 (Q) and 

11 11 if 1 +(an) + || < I>|| i a + (a) < 1, (1.4.16) 

then, for 0 < e -C 1, there exist a unique R s satisfyinq [LjA3\) and the boundary condition 

FTW - 

Moreover, 

||l ? s || 2 + £- 1 ||(I-P)l? s |U< 1, (1.4.17) 

where w{v) = e^ 2 with 0 < /3 <g£ 1 . 

Since the nonlinear interaction of R s now is much weaker with an extra power of £ 1//2 , the proof 
of Theorem II.21 follows the same lines of the proof of Theorem 1 1.1 1 and hence it will be omitted. 

We remark that t/eR s is of higher order in L p for 2 < p < 6 . On the other hand, v / sRs is small, 
but not infinitesimal in £ in L°°, so that it is possible that {F s — {p + e^ffigi)} /£ = 0(1) in L°°. 

We note that the chosen power yje is forced from the fact that higher powers of £ make the 
boundary term too singular. In fact, if we use a instead of 1 in the definition of R s , the boundary 
condition for R becomes 

R = P 1 R + eJ2R + £ 1 -a r, on y_ (1.4.18) 

with 

r = - <Pe]) - [h - &]■ (1.4.19) 

Since in the energy inequality we need to compensate a factor in front of ||£ 1 ^ a f’H 2 2 ( 7 _), the 
choice a = 1 is the best we can do. In conclusion, the rate of convergence of the solution to its 
hydrodynamic limit is at least 0{yfe) in L 2 . 

More accurate estimates of the errors would require the truncation of the expansion to higher 
order terms and boundary layer analysis, but there are serious difficulties in performing such a 
program. Although we do not follow this strategy, let us shortly indicate the main difficulties. 










STATIONARY SOLUTIONS TO THE BOLTZMANN EQUATION... 


9 


The usual approach is based on the representation of the solution by means of an Hilbert-like 
expansion in the bulk, suitably corrected at the boundary to satisfy the boundary conditions 

mmmm- 

F = fi + + e /2 + • • • + £ k fk+i + sf\ + £ 2 .f-2 + • • • + £ k+1 fk +1 + £ k R]- (1.4.20) 

Here, the functions fk are corrections in the bulk, while fj? are boundary layer corrections which 
solve Milne-like problems, and R = R e denotes the remainder. The corrections at the boundary 
are computed by means of a boundary layer expansion which, in a general domain, presents some 
issues hard to deal with. The usual strategy is to solve the k- th term of the boundary layer 
expansion by looking at it in terms of the rescaled distance from the boundary (see e.g. [5(J[ ). 
Using of such a variable, the problem looks like a half-space linear problem (Milne problem) [5] 
with a correction due to the geometry which can be interpreted as an external field of the order of 
the Knudsen number. The field, due to the fc-th term of the boundary layer expansion, is usually 
included as source term in the equation for the (fc + l)-th term [501, but the lack of regularity 
makes this hard to control. 

This strategy has been used in [12] in the much simpler case of the neutron transport equations, 
but recently in [52] it has been proved that the result in [12] breaks down exactly because of the 
lack of regularity. Therefore, the geometric field, even if of small size, has to be included in the 
equation for the fc-term of the expansion, as in mm for the case of the gravity and [52] for the 
geometrical field in the neutron transport equation in a disk: 

F = p + + e /2 + • • • + £ k fk+i + £/i S e + £ 2 f2,e "+-+ £k+1 fk+i,e + £k R]> 

where fj? e depends on e. Unfortunately, this strategy fails even for a general 2D domain because 
the analysis of the derivatives’ singularities presents severe difficulties (see [33] |3J for the analysis 
at £ « 1). The only significant exception is the paper [52] where this expansion is completely 
proved in the case of the Boltzmann equation in a disk. 


Next we investigate the stability properties of the stationary solution. To discuss this, we study 
the unsteady problem. The solution to (11.1. Ill is written as 

F(t) = p + Eyfjif, f = f w + fs + f- (1.4.21) 

The aim is to show that / — > fi = + u ■ v + ^ 2 ~ 3 )), w ^b V x [/5 + $] = 0 and ( u , 1 J,p) 

satisfying 

dtu + u ■ 'V x u + u ■ V x u s + u s ■ 'VxU + Vz/ = oAu, V K • u = 0 
dt’d + u ■ S7 x + u ■ V xfig + u s ■ V X S = nA-d 

£ = 0, i? = 0 

The equation of / is given by 

dtf + e^v- Vj"+£$- V v f + s~ 2 Lf = £ - 1 T/„+/ s / + £ -1 r(/,/) +e^~f- (1.4.23) 

Here we have used the notation := — [T(</>, -j/;) + r(^, </)]. Note that, due to symmetry, for all 

4>i,4>2 e l 2 , 

(L^V’I, ^ 2 ) = 1 , (I - P)^ 2 ). (1.4.24) 

The boundary condition of / is given by 

f\ 7 - = P-yf + £<£/■ 


in f2, 

in fl, (1.4.22) 

on dQ. 


(1.4.25) 
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We define the energy and the dissipation as 

<&[/](*) := sup ||e As /(s)||| + sup ||e As d t /(s)||^ (1.4.26) 

0<s<t 0<s<£ 

®x[fm ■■= i r||e A -(I-P)/||2 + i f \\e Xs (I-P)dJ\\l 
£ Jo £ J 0 

+7 [ |e As (l-P 7 )/|i, 7 + i [ |e As (l-P 7 )/ t || 7 (1.4.27) 

£ J 0 £ Jo 

+ / VvH i7 + f l|e As P/lll+ f \\e Xs PdJ\\l 

Jo Jo Jo Jo 

Theorem 1.3. We assume the same hypotheses of Theorem \l.l[ Suppose Fq = + e^/JIfo > 0, 

<^o[/](0) + e 3/2 || , u’9 t /o|| 00 + || j ^ |/o(x,-y)|(i;) 2 v / /Idu|| L6(n) < 1, (1.4.28) 

where w(v) = e^l 2 with 0 < /3 <C 1. 

T/ien f/iere exists a unique global solution F > 0 given |l.^.gl[ ) wif/i / solving \l.f.23\j and 
the boundary condition 

Moreover, for some 0 < A -C 1, 

A[/](oo) + ^ A [/](oo) + sup e 1/2 ||w/(t)||oo + sup e 3/2 ||w9 t /(t)|| 00 < 1, (1.4.29) 

0<£<oo 0<£<oo 

Finally, as £ —> 0, f converges weakly to f± = [m • v + $(|t;| 2 — 5)/2] V / /I with (p, m,i5) is a solution 
to jl.4.22 1 ). 

Remark 1.4. TTie initial assumption \l.f.28\ ) in particular requires ||/t(0)||£2 -C 1. This is a 
very sharp condition of fo, because, from equation \1.).23\) 

9tf (0) = £ 1 v ■ V x /o — e4* • V v fo — e "Lf 0 + e 1 P/ u ,+/ s /o+e 1 r(/o,/o)+ e —-— fo- (1.4.30) 

To compensate the diverging factors one has to choose fo properly. An example of such a choice is 
the following: let fi t o = (po+uo-v+0o(\v\ 2 — 3)/2)^/Ji and assume that\7 x -uo = 0. V x (po+0o) = 0, 
so that P(v • Vi/i,o) = 0 and set 

fo = fop ~ eL~ l [v • V x /i, 0 - L fw+f J 0 - T(f 0 , f 0 )\ + e 2 h, 

for some L 2 v function h. Then, clearly, the diverging factors are compensated and /t(0) is bounded 
in L 2 V . Thus, the smallness condition is fulfilled by assuming p, u, 9 and Lh sufficiently small. 
Note that the initial data for the hydrodynamic quantities are small but not depending on e. Thus 
our result implies the exponential stability of the constructed solution to the INSF system. 

We remark also that such an asymptotical stability implies non-negativity of steady solution F s 
(Section 3.7). 


We start with the energy estimates, as the steady case, to get 

wmwi + \ fii(i-p)/u>< /V(/,/)ii2 + i- 

£ Jo Jo 

The missing P/ can be estimated by the coercivity estimates in [T8], with carefully chosen proper 
test functions in the weak formulation together with the local conservation laws (Lemma 13.91) : 

f ii(i-p)/n£+ fm/j )m +1. 

Jo 6 Jo Jo 

We estimate the main nonlinear contribution as 


l|r(P/,P/)|| L 2 


< 


IP/II 


LfLl 


IP/II 


L?L*. 
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The most important ingredient is to control ||P/||l°°l 6 as in the steady case, in the presence of 
the term eft (Proposition Id. 1 dll . For further control of eft , we repeat the energy estimate for f t 
and estimate the nonlinear term 


l|r(P/,P/ t )||i? 


< 


I P/ll 


L?>L% 


|P/i 


t\\L 2 t Ll 


with the same norm ||P/||L“ig ■ 

To close the estimate, it suffices to control both ||P/||z, 2 i 3 and l|P/t|lL 2 L 3 by: 


W P f\\L?L lv 
llP/tll L?L3 u 


< \\nf,f)\\Li Xt + l|r(/ s ,/)|U u „ + i, 

< l|r(/,/ t )llL ?iXi „ + l|r(/ t ,/)|| i? _ + i. 


We now illustrate the estimate for || P/"II ijz , 3 ■ In the absence of the external field and the bound¬ 
ary, e 2 <J> = 0 and S! = R 3 , such gain of integrability is well-known from the Averaging Lemma 
2U H2] and the sharp Sobolev embedding iJ 1 / 2 C L 3 (See also the case for a convex bounded 
domain with e 2 <J> = 0 in [23]). We need to extend this estimate properly to case of the bounded 
domain in the presence of the external field e 2 $ ^ 0. We first consider an extension of / to 
the whole space, denoted by /, such that / £ L 2 and 


sft+v-Vj+eH-Vj eL 2 . 


This would require that / is continuous along all exterior trajectories, matching with given incom¬ 
ing and outgoing data of / on the boundary. For a general domain with £ 2 <f> ^ 0, the exterior 
trajectories can be complicated and they can connect the outgoing set 7 + and incoming set y_, 
arbitrarily near the grazing set 70 . It is not clear that an extension / would satisfy both / £ L 2 
and eft + v ■ V x f + e 2 $ • V„/ £ L 2 , due to a possible discontinuity of m 

We circumvent this difficulty via an extension lemma, Lemma |3.61 which asserts that, for the 
function cutoff from the grazing set 70 , 

fs ^ I-{1 1 ,|<^}l{|n(a:)-'u|>5 or dist(x,d£l)>5} f: ^11 (5 1, (1.4.31) 

such an extension fs is indeed possible. Here, dist(x,9fl) := inf ye an \x — y\. Luckily, P fs ~ P/ 
thanks to the estimate e _1 ||(I — P )/||2 ~ 1- In the presence of external field £ 2 $ ^ 0 , we modify 
the proof of averaging lemma for P /5 (Proposition 13.71) via a careful splitting to show its effect is 
small for our purpose. Similarly to the steady case, as in [18], we may bootstrap such L 6 estimates 
to an improved L°° estimate for Q £ R 3 

II/IU- S + 1 S 


As for the stationary case, Theorem 11.31 does not provide the rate of convergence. Proceeding 
as in the steady case we define: 

1 3 3 | |2 o 

h := g + d Xj u ltS \ + ^2 - i _1 [T(/i, h)\ + ^—^2 

i,j =1 i= 1 

with 0 2 = P — / P — dp and 


R = e *[F- n-efi-£ 2 f 2 \. 


(1.4.32) 


Then R has to solve 

d t R + £ -1 v • \7 X R + £<& • X7 V R + e~ 2 LR 

— £ 1 L i R + e 1 L sl/2Rs R + e 1 Lr s (fi + e/ 2 ) + £ 1/2 T(R,R) + 


$ • v 


R + e~ 1/2 A, 


2 


(1.4.33) 
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where 

A = -(I - P)[v • V x (f 2 + / 2 )] - 2r( gi + hi 92 + h) 

— £ {dth + ^ [y/Ii{gi + h + s(g 2 + f 2 ))] ~ r ((?2 + hi 92 + f 2 )} — A s , (1.4.34) 

v 9 

and has to satisfy the boundary condition 

E| 7 _ = P 1 R + eJSR + e 1/2 f, (1.4.35) 

where f := £~ 1 [p~i ^{fiy/TO - fi] + [9~^ - h\- 

We establish the error estimates between the solutions of the Navier-Stokes-Fourier approxima¬ 
tion and the Boltzmann equation as follows: 

Theorem 1.5. Suppose 

#o[-R](0) + £ 3 ^ 2 \\wdtRo\\oo + II [ \Ro( x i v )\( v ) 2 VT l dv\\ L 3(n\ + ^ 11 11 00 *C 1, (1.4.36) 

J R3 ^ ’ 

where w(v) = e^ v ^ 2 with 0 < /3 <C 1. 

Then for e sufficiently small there exists a unique global solution R solving \l-4-33\) and the 
boundary condition \l-4-35\j . 

Moreover, for some 0 < A -C 1, 

£ x [R](oo) + ®x[R](oo) + sup e 3 ' / 2 ||w9 t i?(t )|| 00 + sup ||wfi(t )|| 00 < 1 , ( 1 . 4 . 37 ) 

0<£<oo 0<t<oo 

where S\{F!\{T) and S>\[R\(T) are defined in \1.4-26ty and jl.4-27j ) with f replaced by R. 

Since the nonlinearity for R and Rt is weaker with an extra power of £ 1//2 , the proof of this 
theorem also follows along the same lines of Theorem 11.31 and it will omitted. 

Theorem 1.6. Assume that ( u(t),6(t )) is a solution to the INSF initial boundary value problem 
for t £ [0,T], T > 0, such that 

sup |Ki)||ff4(n) + sup ||6>(f)|| ff 4 (n) < 00 . 

0 <t<T 0 <t<T 

Then there is e{T) > 0 such that for £ < s(T) there exists a unique solution F(t) = (i + e[fi + 
e /2 + £ 1 / 2 i?(t)] v / M> 0 on t £ [0,T] such that 

So[R](T) + %[R](T) + sup £ 3 / 2 ||w;l? t (t)||oo + sup £^||u;17(t)|| 00 < 1 , 

0 <t<T 0<t<T 

where So[R](T) and 3 >q[R\(T) are defined in 1 1.4-26] ) and jl-4-2 7[ ) with f replaced by R. Moreover, 
fi and f 2 are defined in H3.9.1 1) . 

The proof of this sharp local-in-time validity theorem is given in Section 3.9. We note that the 
interval of the validity is the same as the life-span of the classical solutions to the NSF system. In 
particular, if f2 C R 2 , then T can be arbitrary. 

2. Steady Problems 

2.1. Preliminary and the linear theorem. Assume 912 is C 3 . Then for any xo £ <912, there 
exists 0 < r 0 ,ri -C 1 and C 3 function ry : {x|| = (£||,i,ar|| j2 ) £ R 2 : |x||| < rf\ <912 D B(xo, ro) 
such that if a; € <912 fl B(xo,r 0 ) then there exists a unique xm £ R 2 with |x||| < n which satisfies 
x = r]( xy). Here, we have used the notation B(xo,r 0 ) := {x £ R 3 : \x — xo| < r o}- Without loss 
of generality we assume that |5 a;||ii ry(x||)| 0 for i = 1 , 2 . 

Assume dist(x, <912) <C 1 and xo £ dfl such that dist(x, xo) = dist(x, <912). Then there exists rj 
which is a parametrization of dfl around xq. Clearly 

\v( x \\) — x \ 2 = (dx hl \v(x\\) ~ x\ 2 ,d Xha \r){x\\) - x\ 2 ) = 0 , for some x\\. 

On the other hand, if |r/(x||) — x\ <C 1, 

d l h Mx\\) ~ h 2 =9 X| | i .[29 i ry(x||)- (f?(x||)-x)] = 0(\r)(xh - x|) + 2|<9py(x ||)| 2 ^ 0. 


( 2 . 1 . 1 ) 
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Then, by the implicit function theorem, there exists a unique xy(x) £ C 2 satisfying (12.1.11) . 
Moreover, 


d Xi x \\,i 


_ ®Xi X \\2 



|5ir ?| 2 + d 2 g ■ (rj - x) 
d\T) • d 2 r\ + <9i<9 2 g ■ (rj — x) 

where rj = rj{x y). Then we define x± £ C 2 for dist(x, dfl) <C 1, 

x±(x) := [x - 77 (x|| (x))] • n(x y (x)). 


d\T) • d 2 r] + did 2 r] ■ (rj — x) 

-1 

-dpry 

|< 9 2 ?7 + d 2 rj ■ (r) - x) 


-d 2 r]i 


( 2 . 1 . 2 ) 


Note that dist(x, <912) = | x _ l ( x )| if dist(x, <912) <C 1. 

By the compactness of <912, we conclude that if dist(x,d!2) < 4r for some 0 < r <Cn 1 then 
there exists (xy(x), x _ l ( x )) £ C 2 such that x = i 7 (xy(x)) + xj_(x)n(xy (x)). 

Finally we define the C 2 function £ : M 3 —> M as 


|dist(x, 12)| 2 r |dist(x, 12)| 2 

£(x) := x ± (x)xO - ^t J ^) + r[l^xO -, 


where 
X G C ° 0 


such that 0 < x < 1 , x'( x ) > ^4 x 1 l<| x |<i and x( x ) = 


1 if |x| < |, 
0 if \x\ > 1 . 


(2.1.3) 


(2.1.4) 


Then 12 = {x £ R 3 : £(x) < 0}. If |£(x)| -C 1 then £(x) = xj_(x). 

Moreover n(x) = at the boundary x £ dfl. From now we define 


n(x) := V£(x)/|V£(x)| for x £ R 3 . 


(2.1.5) 


We use this new coordinate (12.1.21) to extend <f> on the whole space, and denote this extension 
by 4>, with ||$||oo < ||$||oo: For 0 < S < 1, 


$(x) := 4 > (x)l„ e n + <F(i?(x||(x)))x( J -j Zi )l a;e R3\n- 
Therefore without loss of generality we assume that is defined on the whole space R 3 . 
Definition 2.1. Assume = <E>(x) £ C 1 . Consider the steady linear transport equation 

v-V x f + e 2 <i>-V x f = g. 

The equations of the characteristics for \2.1.6 \ ) are 

X = V, V=s 2 $(X), X(t; t; x, v) = x, V(i;f;x, v) = v. 

If X(r;t,x,v) £ 12 for all r between s and t, then 

X(s-,t-,x,v)=x + v(s — t) + £ 2 Jt J &(X(t'-, t; x, n))dr'dr, 

V(s; t; x, v) = v + e 2 J $(r; s; x, u))dr. 

Note that the ODE \2.1. 7| ) is autonomous since is time-independent. 

Define 

tb(x, v) := inf{2 > 0 : X(—t; 0; x, v) $. 12}, 

Xb(x,v) := X(—tb(x, v); 0; x, v, 0), Vb(x,v) := V(-t h (x,v);0;x,v), 

and 

tf (x, v) := inf{2 > 0 : X(t; 0; x, v) £ 12}, 

Xf(x,v) := X(tf (x, v); 0; x, v, 0), Vf(x,v) := V(tf (x, v); 0; x, v). 

Clearly (xb{x,v),Vb(x,v)) £ and (xf (x, v), Vf (x, v)) £ 7 +. 


( 2 . 1 . 6 ) 

(2.1.7) 


( 2 . 1 . 8 ) 


(2.1.9) 


( 2 . 1 . 10 ) 
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Lemma 2.2. For any open subset Q C R 3 , B C <9fi, and f € x 

// I/O. v)\l Xb ( x , v )eBl th (x,v)<± in ididw 
JJnx R3 

/ 

) Jo 


( 2 . 1 . 11 ) 


rmin{t f (y,u),± In |} 


B Jn(y)-u <0 J 0 


\f{X(s;0,y,u),V(s;0,y,u))\ 
x{|n(y) • tt| + 0 (e)(l + |u|)s}dsdud5 y , 


and 


ff \f(x,v)\ 
JJnx r 3 

f 

J — mi 


l-Xf (x,u)£6^ f (a:,u)<T l n idxdll 


( 2 . 1 . 12 ) 


B J n(y)-u >0 J — min{tb(i/,n),^ In i} 


\f{X(s;0,y,u),V(s;0,y,u))\ 


x {| n (y) • u\ + 0(e)(l + |u|)|s|}dsdudiS , j / . 


Proof. Step 1. From (12.1.71) . for V £ {V x , V u }, 

-1( vx Ua( vx I 

ds\XV \XV F 


03,3 




h,3 


03,3 


Note (^)| s=t = Id. Since the matrix A is bounded, there exists > 0 such that 
\d Xj Xi(s\t,x,v)\ < C'$e c ' 4| * _s| , \d Vj Xi(s;t,x,v)\ < C<^\t - s\e c<s,]lt ~ s ^ 

\d Xj Vi(s;t,x,v)\ < C$£ 2 \t - s|e C4,|t_s| ) \d Vj Vi(s;t,x,v)\ < C^e 0 * 1 * -81 . 


(2.1.13) 


(2.1.14) 


Step 2. Assume n 3 (xb(y,u)) ^ 0 so that the boundary dfl is locally a graph of 17 ( 2 / 1 , 2 / 2 ): x = 
( 2 / 1 , 2 / 2 , 2 / 3 ) e dn iff 2/3 = 17 ( 2 / 1 , 2 / 2 )- By the definitions, 


A := X(s; 0, y,u) = [ y 2 ) + us + s 2 f f <F(X(t'; 0, y, ■u))dr , dr, 
' 77(2/1,2/2) ' Jo Jo 


V := V (s; 0 7 y,u) = u + £ 2 f <F(A(r; 0, y, u))dr. 

Jo 

From (12.1.141) . 

8X 


< 9 ( 2 / 1 , 2 / 2 ) 


dX 

Ih 

dX 

dv 

dV 


1 0 
0 1 

< 9 ii 7 ( 2 /i, 2/2) ^217(2/1,2/2) 

1 0 
0 1 
<9117(2/1,2/2) <9217(2/1,2/2) 

dV 


+ £ 


0 Jo 


V x 4>(A(t / ; 0, 2 /, u)) ■ X x X(t'; 0, y, it)dr , dr 
+ 0(£ 2 )s 2 e c * s , 


V = u + 0(£ 2 )s, — = £ 2 $(A), 


= s/ 3 , 3 + £ 2 


V^$(A(t';0,2/,m)) • X v X(t'] 0, y, u)dr'dr = s / 3j3 + 0(£ 2 )s 3 e c<s,s , 


0 ./O 


<9(2/1,2/2) 

ay 

dv 

We consider 


= £ 


V x $(A(r;0, 2/,m)) • V x A(t; 0, y, u)dr = 0{£ 2 )se c * s , 


= h,3 + £ 2 \ V 2 .$(A(r;0, 2 /,m)) ■ V„X(r;0,2/,w)dT = I 3 , 3 + 0(£ 2 )s 2 e c * s . 


/ / 2,2 + 0 (£ 2 )s 2 e C4,s 
V ?7 + 0 (£ 2 )s 2 e c '' i ' s 

V + 0(£ 2 )s 

sl 3 ,3 + 0(£ 2 )s 3 e c * s \ 

\ 0(£ 2 )se' J ‘ s,s 

£ 2 <&(X) 

h,3 + 0(£ 2 )s 2 e c,l,s J 














STATIONARY SOLUTIONS TO THE BOLTZMANN EQUATION... 


15 


Recall the formula for the block matrix when a submatrix D is invertible 

det 


^ ^ ^ ^ = det(D) det(A - BD-'C). 


For s < ^ In 7 for m 1, the submatrix ^ is invertible and 


^(dv ) 1 + O(e t )s 2 e C * a ^0, ( Qv ) I 3 ,3 1 + 30 ( £ 2) s 2 e C* S - 

Furthermore, for s < — In - for m^> 1, we have s k e c ‘ tS < e 0+ and therefore 

det 




21 o2 p C$ s 


0 (e 2 )s 2 e 


( dv ) 

I det | 

( dX dX 

( dv \ 

r 1 dv ^ 

\dv) 

iy9(x, s) dv 

\ dv ) 

d(x,s)J 


- il + Olds! det lY /2 ’ 2 + ° (£2)s2eC#S « + 0(e 2 )s 

- (l + 0( £ )s}det^ Vr? + 0(e 2 )s 2 e c* s 

-(s/ 3 ,3 + 0(e 2 )s 2 e c ^ (/ 3 , 


r 2\ q 2 pC$s 


0(e 2 )5 2 e < 

3 1 + 30(e 2 )s 2 e c * s 


2\ 2 C<e>s 


0 (e 2 )s 2 e 


= {l + 0 (e)s}det 


h ,2 + 0(e 2 )s 2 e CiS,s u + 0 (e 2 )s 
V?/ + 0(e 2 )s 2 e c * s 


0(e 2 ) 


2 \ 3 C&s 


s e 


= “ +0<£)a ) 

= u- (- 5 i? 7 (yi,y 2 ),- 3 2 r?( 2 /i, 2 / 2 ),l) + 0 (e)s(l + |u|) 

= -U • n(y) V 1 + (d 1 y(yi,y 2 )) 2 + {d 2 v(yi, J/ 2 )) 2 + 0(e)s(l + |w|). 
Therefore, 


d-f m 

\d{s,y,u) 


= 0(l)n(y) ■ u + 0(e)( 1 + |u|)s. 
1 m 1 


These prove ( 12 . 1 . 111 ) . For (12.1.121) . note that if s < ^ In i, n(y)-u > 0 then t b (X(s; 0, y, u),V(s ; 0, y , i 
s < In 7 , and if s < ^ In i, n(j/) • zi < 0 then tf(X(s-,0,y,u),V(s;0,y,u)) = s < ^ In K This 
confirms ( 12 . 1 . 121 ) . □ 

Next lemma extends the Ukai’s Lemma (HSI) to the case with external fields. 

Lemma 2.3. Assume f1 is an open bounded subset o/R 3 with dfl is C 3 . We define 


Then 


7 ± : = {(z> v) € 7 ± : |n(x) • u| > <5, S < |u| < -}. 


I fl-ysjl <s,n ll/lli + llwV^ + ^-V^ll!. 


(2.1.15) 


Proof. Let / solve (12.1.61) in the sense of distributions. Then along the trajectory for (x,v) € 7 +, 
with X(s) = X(s; t\ x, v ) and V(s) = V (s; t; x, v), 

\f{x,v)\ < \f(X(s),V(s))\+ f |s-(X(T),y(T))|dr. 

J S 

Integrating over s € [t — t b (x, v),t], we obtain 

th(x,v)\f(x,v)\ < j \f(X(s),V(s))\ds + t b (x,v) f |p(X(t), R(r))|dr. (2.1.16) 


It — tij(x,v) Jt — tb(x,v) 

On the other hand, for (x,v) € 7 +, from x b {x,v) = x — t b (x,v)v + 0(e 2 )(t b (x, u )) 2 
tb(x,v) = |u| _ 1 |x b (x, v) -x\ + 0 (e 2 )|u| _ 1 (t b (x, v)) 2 . 

We claim, for (x,v) € 7 +, 

th(x,v) >5 1 . 


(2.1.17) 

(2.1.18) 
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For large C > 1, we only need to consider (x,v) G 7 + such that t b (x,v) < C. From (12.1.171) . 
t b (x,v) = - tb (z,v)0(e 2 )^ > l**(*tf-*l - tb (x,v)0(e 2 )$ so that 


tb(x,v) > [1 + 0(e 2 )y] Vl 1 \x b (x,v) - x\ > |u| 1 \x b (x,v) - x\. 

From |z b - x\ > \n(x) • for x b ,x€ <912 ([30]), 

t b {x,v) > \n{x) ■ (x - x b (x,v))\/[\v\\x - x b {x,v)\]. 

On the other hand, for (z, v) G 7 + and e<1, 

| n(x) ■ (x b - x)\ = | n(x) ■ [t b v + 0{e 2 )(t b ) 2 ]\ = t b \n(x) ■ v\ + 0(e 2 ){t b ) 2 > t b \n(x) ■ v\ 
and |z — Zb| < tbM + 0(e 2 ){t b ) 2 < t b \v\. Therefore, we conclude our claim (12.1.181) by 

t b > t h \n(x) ■ u|/[i b |x|] > |n(z) • u||u| _1 >5 1 . 

From (12.1.161) and (12.1.181) . 

1 (x,v)e~ t * + \f( x ’ v )\ [ \f( x (s),V(s))\ds+ f \g(X(s),V(s))\ds. 

Integrating the above over 7 +, we deduce 


f \f(x,v)\\n(x) ■ v\dS x dv < [ [ \f(X(s-,t,x,v),V(s-,t,x,v))\\n(x)-v\dsdS x dv 

Jl+Jt-t b (x,v) 


'7+ Jt-t b {x,v) 

ft 

|g(X(s; t, x,v),V (s; t, x, x))||n(x) • x|dsdS , a; du. 

^ 7+ J t-t b (x,v) 

We check that there exists e$ > 0, m 1, and S > 0 such that, for all 0 < e < £ 0 , 

7+ C {(x,i>) € 7 + : t b (x,±v) < mini and M > me 2 Ini}. 

e e 

Clearly, |u| > S > me 2 In— > me 2 In 2-. Since 12 is bounded, we have |x|t b (x, ±r<) <0 1 and 


t b (x, ±u) < jij < < min j- < min i. Then 


0(e)(l + |u|)s < 0 (e)(1 + i)mIn i <s o(l)|n(x) • x|. 

d e 


From (12.1.121) . we conclude that 

[ \f(x,v)\\n(x) ■ x|dS x du < ||/||i + 


The same arguments can be applied to bound |/1 s 


□ 


Lemma 2.4. Let $ G C 1 . Assume that f(x,v), g(x, v) G L 2 (12 x R 3 ), {u • V x + £ 2 4> • V„}/, (u ■ 
V x + e 2 < I> ■ V v }g G L 2 (12 x R 3 ) and f 1 ,g 1 G L 2 (<912 x R 3 ). Then 


f2xR 3 


{v-V x f + £ 2 $-V v f}g + {vV x g + e 2 $-V v g}f=[ fg-f fg. (2.1.19) 

J ^y_|_ J -y_ 

Proof. It is easy to check that the proof in Chapter 9 of [15], equation (2.18), still holds in the 
presence of C 1 field. □ 


In the following sections, Section 2.2 and Section 2.3, we prove the next linear estimate. 
Theorem 2.5. For the steady case, we define a norm 

if}} := £ -1 ||(I - P)/||„ + e- 1/2 |(l - P 7 )/| 2 + I/I 2 + ||P/|| 6 + e 1/2 || Wlloo. (2-1.20) 

Suppose <f> G L°°, g G L 2 (12 x R 3 ), and r G L 2 (y_) such that 


// g(x,v)^JIdxdv 
JJnxR 3 


0 = 


L 


r (x, v)y/Jid'y. 


( 2 . 1 . 21 ) 
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Then , for sufficiently small e > 0, there exists a unique solution to 

1 


v • V*/ + e 2 —4> • V„ WJif] + er'Lf = g, f | 7 _ = P 7 / + 




srtc/i that 


and 


// f{x,v)^JI dark) = 0, 
■Uqxr 3 


( 2 . 1 . 22 ) 

(2.1.23) 


[[/]]^£ 1/2 |r| 2 + ||u 1 / 2 (I- P)3|| 2 +e a ||Pfl '|| 2 +e=|w|°o + £ "ll( u ) (2.1.24) 

The proof is in the end of Section 2.3. 

2.2. L°° Estimate. The main goal of this section is to prove the following proposition. 
Proposition 2.6. Let f satisfies, 

[v ■ V x + e 2 $ ■ V„ + £ 1 Cq(v) + A] I/I < e 1 Kp\f\ + |g|, 


|/k| <p 7 |/| + M, 


( 2 . 2 . 1 ) 


where X > 0, for 0 < /? < Kp\f \ = f R3 kp(v, u)\f(u)\du and 

k p(v,u) := {|n — u\ + \v — m| - 1 } exp [— /3\v — u\ 2 — /3— 


t;| 2 — |it| 2 l 2 - 


\v — uy 


( 2 . 2 . 2 ) 


I/P/ G T 6 (fl x R 3 ) and (I — P)/ G L 2 (fl x R 3 ), then, for w(v) = e^'^ 2 with 0 < j3' -C j3, 
e^||w/||oo < £*|w|oo +£5||( w )- 1 M;ff || oo 

+ l|P/IU 6 (nxR 3 ) + £ -1 ||(I ~ P)/||i 2 (nxR 3 )- 

We define the stochastic cycles for the steady case. 

Definition 2.7. Define, for free variables Vk G R 3 , from \‘2.1.9\) 

ty = t — t b (x,v), xy = X (£i; t, x, v) = Xb{x, v), 
t 2 = ty- t b (xy,Vy), X 2 = X(t 2 ]ty,Xy,Vy) = X b {xy,Vy), 


(2.2.3) 


Set 


tk+l — tk t b (Xk )Vk), Xk-\- 1 — X (tk+l ,tk, Xk, Vk ) — ^ b {Xk ; life ) ■ 

X c i(s,t,X,v) . 1 [tk+\,tk)[s)X( K S',tk,Xk,Vk), 

k 

V c i(s;t,x,v) := [tk+ljtk) (s)V(s-,t k , x k ,v k ). 

k 

For x G 3f l, we define 

F(x) := {t? G R 3 : n(x) ■ v > 0}, dcr(x, v) := \Phxp{v){n{x) ■ t>}dw. (2.2.4) 

For j G N, we denote 

"Fj := {vj G R 3 : n{xj) ■ Vj > 0}, daj := \f2itp(vj){n(xj) ■ Vj}dvj. (2.2.5) 

The following lemma is a generalized version of Lemma 23 of [30] ■ 

Lemma 2.8 ([30]). Assume $ = <h(:r) G C 1 . For sufficiently large Tq > 0, there exist constant 
Cy,C 2 > 0, independent ofT 0 , such that for k = CyT^ 4 , 


sup 

(t,x,' i j)e[ 0 ,T o ]xnxR 3 J Y\eZl Ft 


{ 


1 tt&— 

± t k (t,x,v 1 ,v 2 y ,v k _ 1 )>0 11 e— 


iddf < {2} 


1 1 c 2 r° 


5/4 


( 2 . 2 . 6 ) 
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Proof. For 0 < 6 <C 1, we define 

Vi ■■= {ve £ % : \vt ■ n{xi) \ > S and S < \vt\ < ^}. 

Clearly, fy t \ys dae < CS , where C is independent of i. We claim that 

\U~U +1 \ > S 3 /Cn, for vterf. (2.2.7) 

It suffices to prove, for (x, v ) £ 7O and 0 < e -C 1, 

tb(x,v) > \v\~ 2 \n{x) ■ v|. 

Note that < S 2 . Therefore we only need to consider the case of t b (x,v) < S 2 . 

From |i>| > <5 and x b = x + t b v + 0(e 2 )(fb) 2 , 

th = |^b - ZIM" 1 + 0{e 2 )(t b ) 2 \v\~ 1 = kb - xlkk 1 + i b 0(e 2 )<5. 

For fixed <5 > 0 and £ < £q <C s 1, 

tb(x,v) > \x b (x,v) - x|k| _1 . 

From the fact kb — x\ > | n{x) ■ I f° r x b} x £ <9D from [3D], we have 

tb(x,v) > | n(x) ■ [x - cc b (x,i;)]| 1/2 kk 1 . 

O11 the other hand, for (x, v) £ ■y 5 _ and £< 1 

| n(x) ■ (x b - x)\ = \n(x) ■ [t b v + 0(e 2 )(t b ) 2 ]| = t b \n(x) ■ v\ + 0(e 2 ){t b ) 2 > t b \n(x) • t;|. 

Therefore we prove our claim. The rest of proof of (12. 2. 611 is identical to the proof of Lemma 23 
on [3Dj • □ 


Now we are ready to prove the main result of this section: 

Proof of Pronosition \2. (A Define, for w{v) = , 

h(t, x, v) := w(v)f(t, x, v). (2.2.8) 

From Lemma 3 of [30], there exists /3 = f3(/3,/3') > 0 such that k^(u,u)^^y < k g(v,u). 

Then, from (12.2.11) . 

k • V x + e 2 $ • V„ + e~ 1 Cq(v) + ^ ^vW j | e 2 h\ < I kg(u,u)|e 3 /i(u)|du + e 2 \wg\. 

w Jr 3 

(2.2.9) 


Clearly e 1 C 0 ( v) + ~£ 1 C 0 (v). 

From (12.2.1[) . on (x,v) £ 7_, 


£ 2 \h(x,v )| < \p2jtw {y)\/n(v) f e 2 \h(x,u)\ ^ {n{x) ■ u}du + e 2 w(v)\r(x,v)\. 

J n(x)-u> 0 W\U) 

1 f 1 1 

< _ / £ 2 \h(x, u)\w(u)do + e 2 w(v)\r(x, i>)|, 

fTyV) J n(x)-u >0 


( 2 . 2 . 10 ) 


where we define 


j{v) := 


W(v)y/ix(v) 

We claim, for t = Tq defined as in Lemma [3731 ( not depending on e), 

A C 2 T 5/ ^ 

\e*h(x,v)\< [CT 0 5/4 |-| ° +o(l)CT 0 ]\\£^h\\ 00 +CT 0 £^\\wr\\ 00 +C To £^\\{v)~ 1 wg\\ c 

+ C To [l|P/lk s (n) -+- |ll(I-P)/lk’(nxR3) 


( 2 . 2 . 11 ) 
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Once (12.2.111) holds, Proposition 12.61 is a direct consequence. 

We first prove (12.2.111) . From (12.2.91) . for t\{t,x,v) < s <t, 

-y- L-Il -r( v ( T '’ t < x > v )'> dT eh(X c i(s', t, x, v), V c i(s;t,x,v)) 
as L 

< e ~ ^ ~^ (v(r;t ’ x ’ v) ) dT - f ks(V c i(s;t,x,v),v')\£h(X c i(s-t,x,v),v')\dv' 
e J rs 

+e~ K ~^ (y( - T ’ t ’ x ' v))dT \ewg{X c i(s\ t, x, v), F c i(s; t, x , v))|. 

Along the stochastic cycles, for k = CiTq^ 4 , we deduce the following estimate: 
\e*h(x,v) | 

ft C'o^V'ci (r-,t,x,v)) , i 

< l{t 1 (t,x,' U )<o} e_ J ° 5 T \e^h(X c i(0-t,x,v),V c i{0;t,x,v))\ 

~ f t 
e is 


L 


d s 


_ r t C Q (V rA (T-,t,X,v)) , 

° J S £ 1 


max {0,£i (t,x,v)} 


/ dv' ks(14i(s; t, x, v), v')\e 2 h(X c i(s; t, x, v), i/)| 
Jr 3 


+ 

r 


J max {0,ti(t,a;,'u)} 

+ 

- r* 

l{ti(t,x,u)>0} e 


— 

g Jtl(t,X,v) 

+ 

l{ii (t,2J,i;)>0} 

where H 

is given by 


\e 2 wg(X c i(s; t, x, v), V c \(s; t, x, e))| 


co<Vrf(Ti«,<»,»)> dr i 

\e 2 wr(xi(x, v), vi(x, e))| 


C o(v r ,( T ;t,x,^)> dr 


;(ui) 


H. 


LL j =1 


k—1 


y, lt !+1 <o<ti y h(X c i(0; ti,xi,vi), 14i(0; ti,xi,vi))\ 

w(v m ) 


1=1 


xTT^ 1 

xli m=l 


e m )) 


dEj(O) 


fe- 1 r t, 

+ E/ 


1 


; = 1 Jmax{0,(i +1 } 


lt,>0- / k^(14i(r; ti,xi,vi),u) 


x |e 2 ft(A' c i(r; ti,xi,vi), u) 




( 2 . 2 . 12 ) 

(2.2.13) 

(2.2.14) 

(2.2.15) 


(2.2.16) 


lh(Vcl(tm+lj l^m)) 


dudE/(T)dr (2.2.17) 


fe- 1 r u 

£/ 


1, 


|_1 J m H{0,tl + l} £ 


xn 


Z-l 

m=l 


W(v m ) 


^(Vcl (^m+15 ^m)) 


fc-1 


+ lt 1 >o|e = w(«O r ( a: i+l,' l; i)|nmi 1 


dS z (r)dT 

ie(e m ) 


Z=1 


+ l*fc>o]e 2 ^(^fc, efc-i)!!!^^ 


ie(Vci(tm+i, e m )) 

W{v m ) 


dE,(t i+1 ) 


-dEfc_i (£&), 


(2.2.18) 

(2.2.19) 

( 2 . 2 . 20 ) 


ie(Vci(tm+i) e m )) 

where 14i(i m +i;v m ) := 14i((*m+i; i m , x m , v m ) and dE fe _i(f fe ) is evaluated at s = 4 of 
dE;(s) := { g da iH e-^ > d M^} 

( 2 . 2 . 21 ) 


j=l +1 


1=1 
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Since 

I Wl 15 ^rm %m 7 Vm) | ^ £ |^m+l 11| ^ || 00 iS £ -^0 

then for £ 2 Tq < 1, we have 

w(v m ) 


w(V cl (tm+l 5 tm ? Vm)) 

5/4 

Directly, from our choice k = C\T 0 


< 1 + 0(e). 


( 2 . 2 . 22 ) 


(Emm + (EHUnD <t 0 e-^^leHlU, + (EMI) <To ||eW||c 


and 


m + m 


/ II 2/ \-l II f r (Vcl(s;t,X,v)) _ ft Co<V cl (T; t ,x,„)) 

<To || £2 k) l Hloo X i / ---—e 


ds 


5/ 4 S n n f tl (Vc\(T-,ti,Xi,Vi)) ft, Oq(Ki (t*i,xi.vQ) dT 

Jo 


+CiT^ sup 


i Jo 


dr 


^To k 2 


(u) ? HL X ^ C0< ' cl(;,,i ' 1,,dr ds <To ||e*<«> 


where we have used the fact that daj is a probability measure of "/). 

Now we focus on (12.2.131) and (12.2.171) . For TV > 1, we can choose m = m(N) 1 such that 

k m {v,u) := l, v _ u ,>±l\ u \< m l\ v \< m kg(v,u), sup/ |k ro (u, u) - kz(v, u)|du < (2.2.23) 

m v J R3 iV 

We split k^(v, u) = [kg(u, u ) — k m (u, u)] + k m (t?, u), and the first difference would lead to a small 
contribution in (12.2.131) and (12.2.171) as, for TV 3 >t 0 1, 


k „ i, „ CiT 0 


5/4 


JV l|eTft|l °° = TV 


- Ik 2 *-||oo- 


We further split the time integrations in (12.2.131) and (12.2.171) as [ti — ns, ti\ and [max{0, U + {\, ti — 
ks]: 


ft ft—KE f 

mm = + > mm = i {tl >o } / 

Jt—KE ^max{0,ti} JnL? 


fc-1 


vl /' 


nt t KE 

J max-fO.iz+i 1 J 


It—KE imax{0,£i} J n^_ i % i—i ^ Jti — K£ imax{0,£z-|_i} 

The small-in-time contributions of both (|2.2.13|) and (12.2.17|) . underbraced terms, are bounded by 


K £-sup / km^jti^du'llea/illoo < Klleaftlloo, 
e w i|w'|<JV 

CiTq^ke- sup [ kmtv^^dv'W^hWoo < KCiTQ^We^hWoo. 
£ v J\ V '\<N 


'\v'\<N 

For (12.2.201) , by Lemma 12.81 and (12.2.221) , 


mm < {i+ o(e)} CiT ° 


, 5/4 


sup / 

(t,tc,u)e[0,To] xfixR 3 inti 1 


ddj 11£T 2 h|| 
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Overall, for (t,x,v) S [0,T o ] x Q x R 3 , 
|£ 2 /i(x, v)| 

L 


(2.2.24) 


< 


f*t — KE 

I max {0,ti (ai,v)} 
l{ti>0} 


e -^(t- S ) 


e e (* ) 


0 ) 


f 

Jn k z}-i 


J \v' | <m 

1 nti — KE 

E/ 


|£ 2 /i(X c i(s;t,:r,i>),i/)| di/ds 


l ic>0 


+ 


' n) =1 1 'X ) - ^ =1 J max{0,if+i} £ 

x f h(X c \(T-,te,X£,vt),v") \ dt/'dE^r)dr 

J\v"\<m v- 

CT 0 5/4 |e _ ^*||eH|| oo + C' To ||e^-u;r(s)|| 00 + C T j£5( z) }- 1 W5 || oo j 

+ o(1)C'T 0 5 ^ 4 ||£2/i|| oo + lle’^lloo- 

Note that the same estimate holds for the underbraced terms in (12.2.241) . We plug these 
estimates into the underbraced terms of (12.2.241) to have a bound as 

\e^h e+1 (t,x,v)\ < Ii + I 2 + I 3 ■ 

Here, using w(u) < m 1 for |u| < m, 


II <r 


L 


ds 




max {0,ti} 


I dv ' I 

J \v'\<m J it 


C^(s-sO 


ds'- 


jv'l <m ^/max{0,t^} 


+ 


L 


/ dw|£ 2 h{X c \{s'\ s, X c i(s; t, x, v), v'), u) j 

J \u\<.m 

/ dn l{ t '>o}- tti-t 

J\v’\<m W\v) 


\u\<m 
t — KE 


e-zrit-s) 


max {0,ti} 


r k ~ l rt' e ,-K£ ^ j 

x / E / l t / >0 -|£ 2 /i(T,X c i(T;^,,x^,^,),M)|dMdE^(T)dT, 

Jn k ~lr; £ 

where t' e , := t^(s, X c i(s; t, x, v), v'), x' t , := xt (X c i(s; t, 2 , n), t/), := (X c i(s; t, x, v), v'). 

Moreover 


I 2 Izm l{ti>0} 


g e ° (* ( l) 




j(v) 


Ju k i! r, In 


dE,(r)dr 

1 ^>o- 

£ = l ^max{0,t« + i} 


du" 


' |u"|<r 


L 


ds" 


C 0 / // 

_- x-(t—s 

e e 2 V 


max {0,t"} 




du |£ 2 /i(X c i(s"; r, X c i(t; U, x e , vi), v"), u ) | 


+ l{ti>0}‘ 


g— ( i) 

w{v) 


[ 

Jn 1 *-}- 


k—l 

V 


X 1 


t">0- 


w(v”) 


(—1 •' m ax{0,t«+i} 

„ fc- 1 r t",,-K,e 

f E f 

bl^i 1 <» =1 •'max{0,i" ; + 1 } 


dEf(r)dr l t< >o- f dh 

1 } £ J\v"\<m 




f |e 2 h(r" , X c i(t"; t"„,x"„,v g „), u ) |dudE"„(T ,, )dT", 

J lul<m 


'l“l< 

where := ti"(T,X c i(T-te,xe,ve),v"), x",, := s<"(X c i(r;b,a;<,ui),i)"), n",/ := ve»(X c i{T-,U,xe,ve),v"). 
Furthermore 


Is < 


CT 0 5/2 {e *||£ 2 /i||oo +C' To ||£ 2 wr|| 00 + 0 To ||£ 2 (u) 

+ 0 (i)ct 0 5/2 ||£H|| oo + t 0 5/4 {1} C2To/ iieUiu. 
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This bound of I 3 is already included in the RHS of (12.2.111) . 

Now we focus on Ii and I 2 . Consider the change of variables 

v' i-A y := X(s';s,X cl (s;t,x,v),v'). 

By a direct computation and (12.1.141) . for max{0, t[} < s' < s — ne < To, 

dXi(s']s) 


(2.2.25) 


dv'. 


(s - s')6ij + j dr' dr" e 2 ^ d m ®i(X(r"; 


= - (« - «') [Sij + 0(e 2 )m c iT*e c * T °] . 

By the lower bound of |s — s'| > ke , 

det X7 V ’X(s'\ s) = |s-s'| 3 det (% + 0(e 2 )||4>|| C iT 0 2 e c#To ) > k 3 e 3 . 
Now integrating over time first 

nt — KE 


L 




d s 

max{0,£i} 


o<t—KF Cq(s-s') 

ds'- --- 

*\v '\<ra </max{0,t , 1 } 


/ 

J I v'\<m J mi 


< 


x / du\Eh(X c i(s';s,X c i(s;t,x,v),v'),u)\ 

J \u\<m 

sup / di/ / du \Eh(X c \(s'; s, A c i(s; t, x, v), v’), u)|, 

-K£<s<t—K£ J\v'\<m J\u\<m 


0 <s'<s— 


and then from \h(u)\ = w(u)\f(u)\ < m |/(u)| for ]u| < m and decomposing 


< 


< 


sup 


0 <s'<s—K,£<s<t—K£ J\v'\<m J |n|< 


£2 / / \f(X c i(s'-s,X c i(s-,t,x,v),v , ),u)\dudv' 

J I v'\<m J\u\<m 


sup 


£2 


0<s'<s—K£<s<t—K£ J\v'\<m j\u\<m 


P/(X c i(s';s, A c i(s; t, x, v), v'))\(u) 2 yjy(u)dudv' 


+ sup £ 2 

0 <s'<s—Ke<s<t—KS J\v'\<m j\u\<m 


* f f \(I-P)f(X c i(s';s,X c i(s;t,x,v),v'))\dudv'. 


For P/—contribution, 

£^ f I \Pf(X c i(s'\ s, X cl (s; t, x, v), v ')) {u) 2 y/n(u)\dudv' 

J v' J U 


<m £* 


/ |P/(Ac^s 7 ; s, X c i(s; t,x,v),v')) |'di/ < m £ 2 / |P/(y)| 

J v' ^ J Cl 


rd V 


1/6 


||P/||i 6 ( Q). 

For (I — P)/ contribution, 


£ 2 / / |(I - P)f(X c i(s'-,s,X c i(s;t,x,v),v , ),u)\dudv' 


JJ | (I - P)f(X c i(s'; s, X c i(s; f, x , v), v'), u) | 2 di/du 


<C F 2 

r^m c 


<m. £ 3 


1/2 


nxR 3 


|(I ~ P)/(l/, u )| 2 — 5 —jdydu 


1/2 


— ||(I - P)/||l 2 (OxR3)- 

We have the similar change of variables for v\, 1 —> X c i (r; t ' e ,, x \,, v ' e ), and u"„ 1 —>■ A' c i (— t" ; , 2 :",,, i>"„ 

and v" i-A AT c i(s"; r, A c i(r; tg, xe, vt), v"). 

Following the same proof, we conclude 

I 1 +I 2 < Po^dlP/lli^OxR 3 ) + J||(I-P)/||l2 ( o xR 3 ) ). (2.2.26) 

All together we prove our claims (12.2.111) . □ 
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2.3. Steady L 2 —Coercivity and L 6 bound. The main purpose of this section is to prove the 
following: 

Proposition 2.9. Suppose all the assumptions of Proposition \2.5\ hold. Then, for sufficiently 
small e > 0, there exists a unique solution to \2.1.22\) . Moreover, 

||P/||2 + e _1 ||(I - P)/|U + e -1/2 |(l - -P 7 )/k++l/|2 , , 

(2.3.1) 


< 


\v i(I-P)g\\ 2 + £ 


-1 


|Pfll |2 + e- 1/2 |r| 2 ,-, 


Furthermore 


P/lle 11(1 - P)/||, + e~*\(l - P 7 )/| 2 ,+ + M 2 ,- + ||^=|| 2 + o{l)e*\\wf\\ 

\jv 


(2.3.2) 


+ |e 2 w|oo + ||£ 2 (w) 1 U)ff||oo- 

As the first step of the proof of Proposition 12.91 we consider the following penalized problem: 

■^7 == (A + e~ 1 v- • v)f + v ■ V x f + e 2 $ • V„/ = g in Q x M 3 , (2 3 3) 

f = p 'yf + r °n 7- • 

Lemma 2.10. Assume that g £ x R 3 ) and r £ L 2 (j_) and satisfy P2.1.21\) . Moreover, let 
<f> £ L°°(p,) and A > 0. Then, if s > 0 is sufficiently small, the solution to \2.3.3\ ) exists and is 
unique. Moreover it satisfies the bounds 


£ 1/lL + 1(1- Py)/k+ ~ e \\—7=W2 

V v 


(2.3.4) 


We remark that Lemma 12.101 implies that, for e sufficiently small, the operator 2zf 1 is well- 
defined and bounded as a map from L 2 to L 2 . 

Proof. Step 1. Denote w := A + e~ 1 v — • v. Since v > vq{v), with u 0 > 0, if $ is such that 

^e 2 || c f > ||oo|n| < ^e _1 u, we have vj > ^e _1 u 0 (u). 

For the existence, we first consider the following problem: 


wf + v ■ Vj/ + ■ V v f = g in D x R' : 

with a prescribed positive function vo{x,v) and prescribed g, r. 
From (12.1.71) . for —t±,(x,v) < t < tf(x,v), 
d 


f | 7 _ = r, 


(2.3.5) 


dt 


f(X(t ; 0, X, V), V(t; 0, X, v)) e fo ^(*(r;0,z,v),V(T;0,z,„))dT 

= g(X(t ; 0, x, v), V(t; 0, x, v))e& A(r; 0 ,x,v))dT 

Then, for (X(t),V(t)) := (JV(t; 0, x, v), V(t; 0, x, v)) and vj(t) := w(X(t; 0, x, v), V(t; 0, x, v)), 


f(x,v) = r(xb(x,v),i’b(x,v))e + f g(X(s),V(s))e ro ^ds. (2.3.6) 

J-t b (x,v) 

This proves the existence. 

Combining with w(s)e~f° ro ( T ) dr ds = £ e ~ fs° ^(^ds = 1 - ro(r)dT < 1 and 

w(s) ^ £ -1 (P(s)), 


+ l/loo < Hflloo + H, 


Similarly, we can prove 


|e^'7lloc + le^'Vloo < ||e^l a ^||oo + |e 

v 


P\v\ 2 


5tep 2. Next we consider the diffuse reflection boundary conditions. This is done by introducing 
the sequence f e solving 

zuf e+1 + v ■ V x / £+1 + £ 2 $ • X v f +1 = g , f_ +1 = dP 7 f e + r, 

with /° = 0, £ > 0 integer and d £ [0,1). 
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By multiplying by /^ +1 and integrating, using the Green identity we obtain 


nxR 3 


Mf t+1 \ 2 + ^\ f 


e+ ii2 

21 J 12, —|— 


(. f e+ \g) + U 


—r t 
2 1 


From (12.1.211) and the definition of P 7 , we have f rP 1 f t = 0 and hence 


If ^P-tf' + A 2 <\& 2 \P~<f\l- + 


12,— * 


Therefore, from w > ^(v), |P 7 / f | 2 ,- < |/ £ | 2 ,+ and 

\(f + \g)\ = \(-^=V^f t+1 ,y/e-^=)\ <o(l)e“ 1 ||/ £+1 ||^+e||-^||^, 


we find 


+ i|/ <+1 lU < *11^11! + |m 1,_ + l« 2 l/'ll + . 


(2.3.7) 


By iteration, since § < 1, we conclude that 


e- 1 ||/ /+1 ||“ + |/ /+1 |l,+ <* e|| 4=111 +Mi,-- 

\jv 

Let us look now, for i > 1 at the difference f e+1 — f e . By the Green’s identity, we obtain 

^ii/' +i -/'e+ii/ ,+i -/'ib < 

Again by iteration, we obtain that the sequence {/ £ } is a Cauchy sequence and has a limit /# 
depending on i9. Moreover, taking the limit i —► ooin (12.3.71) . we have 


-ll/ 1 C + (i-tf 2 )l/*l 


b s =11^111 


12 ) 


where we used the trace theorem, Lemma 12.31 for the boundary integration. Then we see that /$ 
satisfies the uniform-in-Abounds gj||/^|| 2 + 

Thus we can take the weak L 2 limit as i? —> lto obtain the existence of the solution /to the first 
line of (12.3.31) . For the boundary condition we use Lemma T2.31 to show the second line of (12. 3. 3D . 
Then the difference /a — /satisfies the bound 


8 e J "" v 2 
Hence the convergence is strong. 


1 11/ - Ml + \\f ~ U\l,+ < (! - &)\f\ 2 ,+ 0 as ^ 


1. 


Step 3. We can prove (|2.3.4D by applying the Green’s identity to (12. 3. 3D : We establish an important 
positivity property of 2z?. Using Lemma fOl and the boundary condition for /, we get 

[[ (A +e~ l v-\eH.v)f 2 + l - f f = (f, g ) + \[ (P 7 / + r) 2 . 

JJClx] R 3 " ^ J “ 7 ^. " J " 7 — 

Following Step 2 , 

[[ (A + £ _ 1 U-i £ 2 $-u )/ 2 + i /" 1(1 — -Ry )/! 2 < o(l)e _1 ||/||S + e||-^=lll + kll,-- ( 2 - 3 . 8 ) 

iifixl 3 ^ 2 7 7+ V 1 ' 

If £ <C 1 then i £ 2 Halloo < j, and 


All/lll + ^-WfWl + 1|(1 - P 7 )/Ii < s\\j=\\l + M 2 ,.. 


(2.3.9) 


The inequality (I2.3.4D follows immediately from (I2.3.9D . The uniqueness follows from (12.3.4[) 
because, if there are two solutions, their difference satisfies (12. 3. 3D with 5 = 0 and r = 0. Hence it 
must vanish. □ 
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Lemma 2.11. For any \,e > 0, the operator KJ£ 1 is compact in L 2 . Explicitly, if g n G L 2 and 
sup n ||g n ||2 < oo then there exist subsequence nk such that Kf Hk —► Kf in L 2 , where f n solve 


A r + v- v x f n + -Vf n + ■ v„/ n - ±e 2 $ • vf n = <? n , ri 7 _ = P 7 r + r. 


This lemma is proved in Appendix IA.2I 

Next we prove the essential bound for P/, where, for G [0,1], / solves 
[A + (1 - r)e _1 u - ^e 2 $ • u)]/ + u • VJ + e 2 $ • V„/ + e _1 rL/ = 5, 

/- = P^f + r, 

We denote 

/:=/-</> V/b < f > ■= {[[ fy/Jldxdv) / ( ff 

vlnxR 3 ' 7 v HnxR 3 


in LI x Kr 

on 7_. 

(2.3.10) 

fxdxdv). 

(2.3.11) 


Lemma 2.12. Assume \2.1.21\) . Let f be a solution to \2.3.10\) in the sense of distribution. 
Then, for all A > 0 sufficiently small and all r G [0,1] sufficiently close to 1, 


IP/II 2 < e" 2 ||(I - P)f\\l + 1(1 - Pi)f\l+ + \r\l- + II4=112 + s 2 \Moo\ <f> 




and 


Moreover, for 0 < 77 <C 1 


A| < / > | < (1-rK 


(2.3.12) 

(2.3.13) 


IP/lle < £-1(1 - P)/IU + £ _I |(1 - P 7 )/k+ + |r| 2 ,_ + 114=112 


(2.3.14) 


+ \^wr\oo + 11e®(u) —1 w<ji|| 00 +i?{| < / > | +£?\\wf\\ 00 }, 
and, in particular, for A = 0 and r = 1, \2.3.2f) is verified. 

Proof. Step 1. Set vo x = A + (1 — r )e~ 1 u — Ae 2 <h • v. By the Green’s identity (12.1.191) and (12.3.101) . 


(f!xR 3 
= — E~ 


w x fip-v- X7 x tpf-£- 2 /<F- V v ip + / iff- / ipf 


'7+ 


' 7— 


V If ipLfl — P)f + 

JJnxR 3 JJnx R 3 

First we claim (12. 3. 131) . From (12.3.151) with ip = 


i>9- 


</> 


A + (1 — r)£ 


f!xR 3 


'Vf 


+ (1 - r)e- 


f!xR 3 


c/Vm = °> 


(2.3.15) 


(2.3.16) 


where we have used (12.1.211) . ff QxR3 f^/Ji = 0, and 

f k/Ik • V„/ - • vf]dv = f • Ylls^Ildv = 0, f P 1 f +y /jld'y- f f^jldj = 0. 

J R 3 1 J R 3 VM J'l- J'lM 


Clearly, ff vf^/Jl < ||/|| 2 < H/H2 and these prove (12.3.131) . 

Now we prove (12.3.121) . Denote a =: a— < f > so that P / = {a + v ■ b + c[^- ^]}y/h- 

Step 2. Estimate of c. We claim that, for sufficiently small e > 0, 

l|c||2 < 0 (l)||P/||2 + |(l-P 7 )/|2, + + £- 2 ||(I-P)/||2 + ||^||2 + |r|2,-, (2.3.17) 

\JV 

l|o|| 6 < o(l){||P/l| 6 + e 1/2 |k/||oo} + £ -1 ||(I - P)/||„ + ||(I - P)/||e 

+ £ 2 |(1 — Py)/|2,+ + ll-^H 2 P l r I 2 ,— + |£ 2 W ; t|oo + ||£ 2 (v) ^iHloo 


(2.3.18) 
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For k = 2, 6 we choose the test functions 

= ^c,k = (M 2 - /3c)VJiv ■ V x <p Cik (x), where — A x (p c ^(x) = c k ~ 1 (x), <p c ,k\dn = 0, (2.3.19) 

and /3 C is a constant to be determined. 

From the standard elliptic estimate, we have 


\\<Pc,2 \\h* < l|c|| 2 . (2.3.20) 

With the choice (12.3.191) . the right hand side of (12.3.151) is bounded by 

r.h.s.pXT5D < \\c\\ 2 {e-h\\(I- P )/|| 2 + \\^=h}. (2.3.21) 

\Jv 

For k = 6 we use the Sobolev-Gagliardo-Nirenberg inequality: for 1 < p < N and a bounded 
C 1 domain Q C 1^, and u £ W 1,p (fl), 

( K fj u \ q ') - for any p < q < p* = ^ p , (2.3.22) 

and W 1,P (Q) is continuously embedded in L q {VL) (see |33], page 312). 

Here N = 3 and we are interested in p* = 2 which means p = Thus for any q £ [|,2], we 
have 

HV^c.ellq < 

Hence 

||V^ C>6 || 2 < ||c 5 || f = ||c|||. (2.3.23) 

Therefore, the right hand side of (12.3.151) . for k = 6 is bounded by 

r-h-s-lffl < UV^elh (e" 1 ^ - P)/||„ + ||<?|| 2 ) < ||c||| (V^KI - P)/||„ + ||-^|| 2 ) - 

(2.3.24) 

Thus, by Young inequality (\xy\ < r)\x\ p + C VtP , q \y\ q , p~ l + q ” 1 = 1) , we have 

r.h.s.(ima)<r ? ||c||| + C,( £ - 1 ||(I-P)/|| y + ||^||^ . (2.3.25) 

We have v ■ V x ip c ,k = J2i,j= i(M 2 ~ Pc)^ViVjdijip C: k(x), and 

er 2 [$ • V v ip Ct k - ^v ■ $]/ = ■ V„(-^=) = e 2 ^lfYMSM 2 ~ Pc) + 2v i Vj\d j ip c , k . 

Then the left hand side of (12.3.151) takes the form, for i = 1, • ■ • ,d, 


We decompose 


/ 
/7 


// (n(x) • n)(M 2 - P c )\fPVidiip C ' k fdS x dv 

JJ d£ 2xR 3 

[[ [(A + (1 - r)e~ 1 u]/(|u| 2 - p c )y/Ji^Vidi(pc,kdxdv 

JJqx r 3 j 

// (|u| 2 - /3c)vW r, ViVjdij<p c ,k\fdxdv 

JJ nxR 3 

x iJ — 1 

-«r 2 v^y // $ife(M 2 - z?c) + 2DiUj]9j^j C) jfe/da:du. 

, , i/nxR 3 


|a + u • b + c 



I-P)/, 


— Pjf + 17+(1 — Pj)f + l7- r ; 


onUxl 3 , 
on 7 , 


(2.3.26) 

(2.3.27) 

(2.3.28) 

(2.3.29) 

(2.3.30) 

(2.3.31) 



















STATIONARY SOLUTIONS TO THE BOLTZMANN EQUATION... 


27 


and substitute (12. 3. 301) . (12.3.311) into (12. 3. 26D — (12. 3. 291) . Note that the off-diagonal parts {yiVj with 
i ^ j) and b term vanish by oddness in v. Now we choose f} c = 5 so that, 

J (|n | 2 — /3 c )vf p,(v)dv = 0, for i =1,2, 3. (2.3.32) 

Note that, thanks to the choice of /3 C = 5, we eliminate the a contribution in the bulk. Then 
(12.3.281) becomes 

(12.3.281) = -Y' [ {\v\ 2 -/3 c )vi - 'p\/j,{v)dv [ duip Cyk (x)c{x)dx (2.3.33) 

R3 \ l 1/ J n 

-V'//' (M 2 - Pc)viy/]l{v ■ V x )9i^ Cife (I - P)/. (2.3.34) 

i=1 JJ QxR 3 

From / R 3 (|u | 2 - /9c)f 2 (^-§ )n(y)dv = 10 tt^2tt and -A x <p c , k = c fe_1 for k = 2,6, 

(12.3.3311 = -IOttv^ / A x ip Cjk c = 107T\/2^||c||t (2.3.35) 

Jn 

Moreover, for k = 2, 

PIP < HVVcalMKI - P)/||l < VMI + C v ||(I - P)/||l, (2.3.36) 

and, for k = 6 , 

PH < ||V 2 ^, 2 || f [|(I - P)/|| 6 < 77l|c||| + CWIKI - P)/||g. (2.3.37) 

Consider (12.3.261) . Because of the choice of fj c to have (12.3.321) . there is no P 7 / contribution at 
the boundary in (12.3.261) . Then for k = 2 we have 

(J2X26D < ||c|| 2 {|(l - P 7 )/| 2 ,+ + |r| 2 ,_}, (2.3.38) 

where we used |Va;^c |2 < H^cllir 3 ^ ||c || 2 for an elliptic estimate and the trace estimate. 

Now we consider k = 6 case. By the assumption that S2 is a C 1 domain in with N = 3, we 
can use the following trace estimate (see [33j, P a g e 466): 


(f dS(x)\u\ E ^ 1 Y N 1 <C(N,P) ( [ dx\u\ p + [ dx\S/u\ p ) . (2.3.39) 

\Jan J \Jn Jn J 

This is a consequence of the trace theorem kF 1 ,p (fl) —> W x ~p and the Sobolev embedding in 

N—l dimensional sub-manifold ( W 1 p ,p (dfl) C L N ~p (il) for = p~ P ar ti cu l ar > 

with p = | and N = 3 we have = §• With u = V(p C) 6 , we have 

UV^clUson) < l|c|||a (n) . (2.3.40) 

On the other hand, by Holder inequality 

|P /4 (1 - P T )/U,+ < eV*[ E -Va|(i _ P T )/| 2+ ] 1,2 |m i/2 (1 - P,)/lK 2 + 

£ [ e_1/2 l(i - p t )/|2,+] 1/2 [£ 1/2 II«VIU] 1/2 - 

Therefore, by the Young inequality, we conclude 

(|2.3.26p < {|/r 1/4 (l - P 7 )/| 4 ,+ + |M 1/4p | 4 / 3 ,-}|V^^ c | 4 / 3 ,+ 

< | [e _1/2 |(l - Py)/| 2 , + ] 1/2 [e 1/2 ||'U’/||oo] 1/2 + |M 1/4p |4/3-}l|c|lie 

< v\\c\\e + v'[^\\wf\\oo] 6 + Cr, iV ' [e" 5 |(l - P 7 )/| 2i+ ] 6 . 


(2.3.41) 
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Now we consider (12.3.271) . Using (12. 3. 201) for k = 2 and (12.3.231) for k = 6 respectively, we 
conclude that 

( 12X271 ) < [(A + (1 - tje" 1 ] x {||P/|| fc + ||(I - PJ/MlIcU *" 1 

< [(A + (1 - t)*- 1 ] x {\\Pf\\ k k + ||(I - P)/|||} (2.3.42) 

<(A + 0 (l))||P/||£ + ||(I-P)/|| 2 fe , 


where we have used t = 1 + o(l)e. 

Moreover, since f R3 p,[{\v\ 2 - /3 C ) + 2v 2 ] ^-| 

3 — /3 C + 2 = 0, the term (12.3.291) becomes 


2y/2n, and f R3 p[{\v\ 2 - {3 C ) + 2v 2 ] = 


Jn 


2e / C$ • V x ip c ,k + £' 




- ^ v i v j){\ v \ - /5c) + 2viVj]dj(p C: k(I - p)/■ 

fixl 3 2 


Using | / n c$ • Va;^c,fc| < ||c||EH$||oo, (12.3.291) is bounded by 

f2X29t < e 2 [||c||£ + ||(I - P)/||£] Halloo- (2.3.43) 

By collecting the estimates (12.3.241) . (12.3.35j) . (12.3.361) . (12.3.381) . (12.3.421) . (12.3.431) . for sufficiently 
small e > 0 we prove (12.3.171) . 

Similarly, collecting the estimates (12. 3. 251) . (|2.3.35D . (12. 3. 371) . (12. 3. 411) . (12. 3. 421) . (12.3.431) . for e 
sufficiently small we obtain (12.3.181) . 


Step 3. Estimate of b. We claim that, for sufficiently small £ > 0, 


IHIl <o(i)l|P/lli+ l(i 


P7)/l2, + + £—1(I-P)/ll2 + 


1^1 


(2.3.44) 


\\b\\l < o(l)||P/||l + (<r*|(l - P 7 )/| 2 ,+ + e-'lKI - P)/||„ + ||(I - P)/||e + ||^|| 2 + |r | 2 

+ |e^wr|oo + ||e^(n) _ 1 w 5 ||oo) ■ (2.3.45) 

For k = 2, 6 we shall establish the estimate of b by estimating (didj A~ 1 b k ~ 1 )bi for all i,j = l,...,d, 
and ( djdjA~ 1 b k ~ 1 )bi for i ^ j. 

We fix i,j. To estimate didjA we choose as test function in (12.3.151) . For k = 2,6 

^ = V’bjl = (v? - Pb)y/Jj-dj^ bk , i,j = l,...,d, (2.3.46) 

where /3b is a constant to be determined, and 

— ^-x(Pb,k( x ) = bj i x )i T’b,felon = 0. (2.3.47) 

For k = 2, from the standard elliptic estimate ||<^|| ff 2 < ||&|| 2j2 . Hence, for k = 2 the right hand 
side of (12.3.151) is now bounded by 

r.h.s(j2XT5l) < U&Me-Kl - P )/|| 2 + ll^lh}- (2.3.48) 

With the same argument as before, the right hand side of (12.3.151) for k = 6 is bounded by 

r.h.s. (|2XI5P < r,\\b\\ 6 6 + C v - P)/||„ + ||ff|| 2 ) 6 ■ (2.3.49) 


Now substitute (12.3.311) and (12.3.301) into the left hand side of (12.3.151) . Note that [v 2 — j3b){n{x)- 
v}p is odd in v, therefore P 7 / contribution to (12.3.151) vanishes. Moreover, by (12.3.301) . the a, c 
contributions to (12.3.151) also vanish by oddness. Finally, in the field term only the P/ part survives 
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because V„-^= = 2vidjip :l b and, by oddness, the a and c contributions disappear. Therefore the 


left hand side of (12.3.1511 takes the form 

[[ (n(x) -v)(v? - P y )f + r]l 7+ (2.3.50) 

JJ a fixi 3 

+ [[ K A + i 1 - - fo)\/Jivid j ifP i k (2.3.51) 

i iinx R3 

- [[ ( v i ~ Pb)V&{52 v idiM, k }f (2.3.52) 

JJ ft xR 3 ^ 

-£ 2 V [ 2viVk [ $ib k djifil k . (2.3.53) 

fc jr 3 in 

By p.3.4711 and the trace estimate, for k = 2, |1 2 < H^H // 2 < ||fo|| 2 , for any 77 > 0, the term 
()2.3.50l) is bounded by 

P33U] ) < -1(|(1 - P 7 )/|2 + + |r|l) + r 7 || 6 ||l. (2.3.54) 

For k = 6 , by the same argument as before, the term (12.3.501) is bounded by 


( 123301 ) < V\\b\\t + »/|| P / IL » ( nx * 3 ) + ^( e "*|(1 - P 7 )/ 1 2 ) 6 

TTy'de^rl^ +e f||(^)- 1 u , ff || 00 +£ - 1 ||(l-P)/|| i2(nxR3) ) 6 . (2.3.55) 

The term (12.3.5111 is bounded, as in (12.3.421) . 

The term (|2. 3. 5211 equals 

- / l 2 ~ Mvfndtjipi !k (x)bi - J(v 2 - p^viy/Jidijipl ^ a;)(I - P)/. (2.3.56) 


We can choose /3b > 0 such that for all i, 

[ [{vi) 2 - /3 b ]n(v)dv = [ [v\ - P^e-^dvi = 0. 
J r 3 Jr 

Note that for such chosen /3&, and for i ^ k, by an explicit computation 


(2.3.57) 


J K 2 - Pb)vlfidv = J {vl - /3b>fle ' 2 


_r _i£all _hall , 

2 e 2 e 2 dv = 0, 


/ 

Jr 


i«i r 


(w - PbM^dv = [v$- PbVl)e 2 dm ^ 0. 


The first term in (12.3.561) becomes 

0? - Pb)vhjdvd ij (p , b k (x)b i + J2 ( v i ~ Pb) v kH / dkjVl k( x ) b k 

, ,, jr 3 in 


nxi 3 




2y/2n [ (d l d j A~ 1 b^~ 1 )b i . 

in 


=0 


The second term in (12.3.561) . for any rj > 0 is bounded by 


1 


second term in (12.3.561) < » 7 ||&||£ + -2-||(I — P)/|| 2 - 


The term (12.3.531) is bounded by 


(123351) < e 2 ll$ll 


ooll&llt 


(2.3.58) 


(2.3.59) 


(2.3.60) 
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Collecting the bounds (I2.3.48H . (12. 3. 5411 . (12. 3. 581) . (12. 3. 591) . (12.3.601) . we have the following esti¬ 
mate for all i,j: 


f 

Jn 


didjA 1 bjb i 


< 


\e~ 2 + £ 2 ||d>||oo)||(I - P)f\\l + |(1 - Ry)f\l+ + ||-y 2 + \r\ 2 2 




(2.3.61) 


+ (v + ^ 2 II^IIoo)|| 6||1 + o(i){||P/||i +11(1 - P)/|| 2 }. 


Collecting the estimates (12.3.49L (12.3.551) . (12.3.581) . (12.3.591) . (12.3.601) . for e sufficiently small we 
obtain 


/ 

Jn 


didjA 1 b^bi 


9 11 2 
2 


< Tim* + HP/lle) + C vV (s- 2 + £ 2 ||$||oo)II (I - P)/H 2 + e-^l - Pj)f\l+ 


V" 


+ r)'{\z 2 wr\ 00 + £i\\(v) 1 wg\\ 00 +e ||(I - P)/||L2(n X R3}) • 


To estimate dj(djA l b\ 1 )bi for i ^ j, we choose as test function in (12.3.151) 

i/i = M 2 v i Vjy/]id j ipl tk {x), i £ j, 


(2.3.62) 


(2.3.63) 


where ip\ k is given by (12.3.471) . Clearly, the right hand side of (12.3.151) is again bounded by (12.3.481) 
for k = 2 and and (12.3.491) for k = 6. We substitute again (12.3.311) and (12.3.301) into the left hand 
side of (12.3.151) . The P 1 f contribution and a,c contributions vanish again due to oddness. With 
this choice of ip, we have 


vr — 3 


/ y/Ji\v\ 2 ViVjy/Ji(a + b-v + c 

Jr 3 2 


) = 0, if i ± j. 


The contribution from the field is 

J2 


Y, // djipl k <&e^/jl[2veViVj+ \v\ 2 (vi5jj + vj6i,i)\f 

£ JJqx r 3 

< (^ll^lloo + v)\\b\\ k k + £ 2 ||$lloo^||(i - P)/|| 2 . 

The contribution from the term containing A + e” 1 (l — t)u is bounded again as (12.3.421) . The 
boundary terms is bounded by (12.3.551) 

Finally, the bulk term becomes 


[[ M 2 ViV j ^/Ji{yvtde j (pl}f = 

JJ Qx R 3 f) 

~ [[ IvfviV^uldijtpl^bj + d j:i ipl k (x)bi] - 


HxR 3 


\v\ 2 ViVjVty/Jidtj<p l b (x)[I - P]/. (2.3.64) 


Note that the first term in (12.3.641) is evaluated as f n {(d,djA 1 bf 1 )bj+(djdjA 1 b * 1 )6i},thus 
collecting the above bounds we get a bound for (djdjA^bj 1 )^ which, combined with (12.3.611) 
for k = 2, and with (12. 3. 621) for k = 6, gives (|2.3.44D and (12.3.451) . 

Step 4- Estimate of a. We claim that, for e sufficiently small, 

Nil < e_2 ||(I - P)/lll + 1(1 - Pj)f\l+ + \r\i + ||- 7 =ll! + ^H^IUdlP/Hl + | < / > | 2 ). (2.3.65) 


ll«ll6<^(l|a|l6 + l|P/ll6)+^'(ll(I-P)/l|6+ e - 1 ||(I-P)/||2+ £ -^|(l-P 7 )/l2 1+ + |r'|2 + ||^|| 

rj'^eiwr^ + ||(i;)~ 1 'u>5||oo) . (2.3.66) 
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We choose a test function 

d 

tp = 1pa,k = (M 2 - Pa)v ■ “ Pa.) v idi<pa,k\[P, (2.3.67) 

»= 1 

where 

A x (Pa,k{pP) — d{pc) Cl ' , ^Pa,k \ — 0 ; 'j' ^Pa,k — 0 * 

For k = 2 it follows from the elliptic estimate that [| tp ak \\h 2 < ||d|| 2 . Since f R3 (-^— ^)(vi) 2 /j,(v)dv ^ 
0, we choose /3 a = 10 > 0 so that, for all i. 

[ l)(vi) 2 ii{v) =0. (2.3.68) 

J R3 Z 1 

Plugging ip a into (12.3.151) . we bound its right hand side by 

r.h.s d MM < ||a|| 2 { e - 1 ||(I - P)/|| 2 + H5II2}. 

For k = 6 we have the bound 

r.h.s.([2XT5t < vMl + C v (^- 1 ||(I - P)/||„ + ||<?|| 2 ) 6 • 

By (12.3.311) and (12.3.301) . since the c contribution vanishes in (12.3.151) due to our choice of /3 a and 
the b contribution vanishes in (12.3.151) due to the oddness, the left hand side of (12.3.151) takes the 
form of 

d „ 

^2 {n- v}(M 2 - Pa)vi^JIdiifi atk (x)[P^f + {I - P 7 )f 1 7+ + r 1 7+ ] 

i =1 


(2.3.69) 

(2.3.70) 


- [[ [(A+(l-r)e 1 v]f(\v\ 2 - p a )^Ji'Y^ v idiip a ,k 

JjQxR 3 £ 

~ ^2 (M 2 - Pa)viVtdiWa,k{x)a(x)yi(v) 


-e 2 JI II ®e[2viVt + (|u | 2 - /? a )<M( a + c 1 ^ ^ }^dnp t 


nxR3 


- ^2 [[ (M 2 - Pa)ViVediitfa,k(x)(I - P)/ 

i £=1 •A' f2xR 3 


(2.3.71) 

(2.3.72) 

(2.3.73) 

(2.3.74) 

(2.3.75) 


We make an orthogonal decomposition at the boundary, t’,; = (v ■ n)rii + (uj_)i = v n rii + (u_l)u 
T he contribution of P 7 / = z 1 {x) y ffl in (12.3.711) is 

J (|l>| 2 - /3 a )v ■ V x ip a , k V n HZj = J (M 2 - Pa)Vn d ^ a n k VnllZ-y + J (|u| 2 - Pa)v± ■ V x<p a ,kV n fJ'Z~ r 

The first term vanishes by the Neumann boundary condition, while the second term also vanishes 
due to the oddness of (v±)iV n for all i. Therefore, for k = 2. (12.3.711) and (12.3.751) are bounded by 
||a|| 2 {||(I — P )/|| 2 + |(1 - P 7 )/| 2 ,+ + |r| 2 }- The term (12.3.721) is bounded, as before, by (12.3.421) . 

The term (12.3.731) . for i ^ i vanishes due to the oddness. Hence we only have the l = i 
contribution: 

[[ (M 2 - Po)(vi) 2 ii(diiip a )a=Y^ [[ (M 2 - Pa, 2 ){vi) 2 ^(diUPa^a = — 5||a|||, 

i=1 i/f!xE 3 j =1 JJs 2xR 3 

because /(|u| 2 — 10 )vf/i ^ 0 and J2i In dxdu<p a ,2 = f dn d n ip a ,2 = 0. Finally, the term (12.3.741) is 
bounded by 

e 2 ||d>||oo||d|| 2 (||d|| 2 + |</>| + ||c|| 2 ). 

Using —A x ip a = a, (12. 3. 161) . and (12.3.171) we obtain 

"°" 2 ^ --2ii/t m/n2 , U-, nui2 , I-|2 ||JLll 2 j_ „nUIIP fll 2 _i_ IPT _ PUN 2 ! 
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Since ||P/||| < 11 P ./11| + | < / > | 2 , we conclude (12.3.651) . Finally we conclude (12.3.121) . The case 
k = 6 is handled in a similar way using the same estimates as for b and c. The only term we have 
to check is 

£//' (M 2 -/3a){vi) 2 ^(d li ip afi )a = y2 [[ (M 2 - (3a){vi) 2 ^dmp afi )a 

^_-^JJq,xr 3 JJQxR 3 

£ [[ (\v\ 2 ~ Pa)(vi) 2 [i(a 5 - a 5 )^a =-5\\a\\l, 

£2xR 3 J 

where the first equality is due to again to ]T7 dxduip a fi = d n ip a ^ = 0 and the second to 
f a = 0. Since 

II(I-P)/IIS < [e- 2 ||(I-P)/||l][e 2 ||(I-P)/||^ 0 ] < C,( £ - 1 ||(I-P)/|| 2 ) 6 + ?? (^||n;/|| 00 ) 6 , (2.3.76) 
we obtain H2.3.14D . □ 

Now we are ready to prove the main result of this section: 

Proof of Provo sition 1 2. 9l Step 1. We claim that for any A > 0 and 0 <£< 1, there exists a 
(unique) solution to 

\f x +v-V x f x + e 2 <l>-V v f x -±e 2 $-vf x +e- 1 Lf x =g inOxl 3 , /£_ = P 1 f x + r. (2.3.77) 
Moreover, 

< f X >= 0, ||P^||2 + e -2|| ( I_ P)/ A||2 +e -l| (1 _p 7)/ A|2 < | K ± (I _p )ff ||2 + £ -2|| Pff ||2 + | r |2_ 

(2.3.78) 

From (12. 3. 311 . a solution to (12.3.771) is a fixed point of the map 

f x ^ 2 V- 1 [e- 1 Kf x + g\. (2.3.79) 

Note that from Lemma 12.101 the operator .if -1 is well-defined and bounded. Hence for any 

f x € L 2 there is h £ L 2 such that f x = Sf~ 1 h. Thus (12. 3. 791) . the fixed point problem for / A , is 
equivalent to the fixed point problem for h: 

h i-a e~ 1 KSf- 1 h + g. (2.3.80) 

In view of the application of the Schaefer’s fixed point Theorem ([26], page 504), to show the 

existence of the fixed point, we need to show that iF2z? -1 is compact, which is proven in Lemma 
12.111 and the following a priori uniform bound: if h x solves 

h x = xe~ 1 KSf~ 1 h x + g, for some r € [1 _ , 1], (2.3.81) 

then |j/i r || 2 is bounded uniformly in r. Since is bounded, it suffices to show uniform bound 
of f x = 5?- 1 h x solving (12.3.101) with / = f x . 

By the Green’s identity, 

Aim 2 +oki - p)/i 2 - 0 (i)||p/i 2 + i(i - p 7 )r £ 

< 0 (1)||/12 + e\\v~Hl - P)g\\l + s-'WPgW 2 + |r| 2 ,_ + e 2 ||*||oo||/l2- 

From ||/ r || y < \\Pf x \\ v + ||(I- P)/ r |U < II/ r II 2 + ||(I- P)/ r |U, we have, for t ~ 1 and e < 1, 

AH/lll + re" 1 !!(I - P)/12 + |(1 - P 7 )riI, + -o(l)||Pr ||| 

< e\W-Hl-P)g\\i+s- 1 \\Pg\\ 2 2 + \r\l_. 

Therefore we obtain an uniform in r bound on ||/ r || 2 . Since f x = ^'~ 1 h x , from (12.3.811) . we have 

h x = x s^Kf+g, (2.3.83) 

so, ||/i r || 2 is also bounded uniformly in r. Note that in this argument e is fixed. Therefore, by the 
Schaefer’s fixed point Theorem there is a fixed point h x for (12.3.801) and in consequence, a fixed 
point f x = for (12.3.791) . Thus, we conclude the existence of a solution f x to (12.3.771) . 


(2.3.82) 
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Now we prove the first identity of (12. 3. 7811 . Estimating [/ A — / r ] using the Green’s identity, 

m x - nil+Oi(i - p)i/ A - nwi + i(i - p 7 )[/ a - n\l + 

< o(i-totiinn+iir-ml + iki- p)/i 2 +iki -m x -r]\\i} -»• o, rti. 

From the above estimate and (|2.3.13|) . for fixed A > 0, 

| < / A > | = lim | < /” > | < A lim(l-r ) £ - 1 {||^||2 + M 2 ,_}=0. 

t-yl r-vl yjv 

By Lemma 12.121 to (12. 3. 7711 and from the first identity of (12.3.7811 , 

IIP/ A II2 < £“ 2 |K I - P)/ A || 2 + 1(1 - Py)/ A |l,+ + 11-7=111 + Ml,- (2.3.84) 

\Jv 

The second estimate of (12.3.781) is direct consequence of (12. 3. 841) and (12. 3. 821) with r f 1. 

Step 2. To show the existence of the solution to (12.1.221) we take the limit as A —> 0 for / A solving 
(12.3.771) . Using (12. 3. 131) . the uniform-in-A estimate, we have / A —*■ / weakly in L 2 where / solves 
the linear problem (12.1.221) with the estimate (12.3.21) . 

Moreover, since < f x >= 0, then also < / >= 0 and we conclude (12.1.231) . 

The difference [/ — / A ] satisfies 

A[/ - f X ] + v ■ V x [f - f x ] + £ 2 4> • V v [f - f x } - i(£ 2 $ • v)[f - f x ) + e~ x L[f - j x \ = A/, 

\f - f %_= p m ~ n 

By the Green’s identity and Lemma T2.121 

ll/-/ A |ll < A||/|| 2 . 

Therefore f x converges strongly to /. The uniqueness follows using the same argument with A = 0. 


Step 3. By Lemma [2T3l 

I Py /11, + < |l 7 ^7/ll, + < 1^/11,+ + 1(1 -P7)/ll,+ 

< 11/112 + - P)//||r + ||-^|| 2 + 1(1 - P 7 )/| 2 , + 

\jv 

< IIP/Ill + £“ 1 H(I- P)/H 2 + 11-7=111 + 1(1 - P 7 )/| 2 ,+ - 

\jv 

For the incoming part, using the boundary condition, 

\f\l- < |P 7 /| 2 ,+ + |r|^ < HP/lll + e" 1 ||(I - P)/H 2 + ||-|=||1 + 1(1 - P 7 )/ll,+ 

\jv 

Combing (12.3.781) . (12.3.84|) . and the above estimates, we conclude (12.3.21) . 



Proof of Theorem 1 2. .51 We only need to prove (12.1.241) . Using (12.2.31) in Proposition 12.61 to 
bound e^llin/Hoo in (12.3.21) . we conclude, for e sufficiently small, 

l|P/ll6<e- 1 ||(I-P)/IU+e-^|(l-P 7 )/| 2 , + +||^=|| 2 +||^(«)- 1 ^l|oc+|^Hoc+|r|2,^ (2.3.85) 

From (12.2.3|) . (|2.3.1L and (12.3.851) we conclude (12.1.241) . □ 


2.4. Validity of the Steady Problem. The main purpose of this section is to prove Theorem 
11.11 We need several estimates before the proof of the main Theorem. 


Lemma 2.13. Recall the expression of P/ in \1.2.1Q[ Then, for w = e^ 2 , 0 < (3 -C 1, 

< £ 1 / 2 { £ 1 / 2 || W ; 5 || 00 [ £ - 1 ||u- 7(I-P)/|| l , i J + £ 1 /2|| w/ || oo [ e -i|| l/ -^(i_p) 5 || i ,J} (2.4.1) 

+ l|P/IUs,JPfflU!„- 
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Proof. By the decomposition 

\W~^±(f,g)hl tV (2.4.2) 

< ||i/-*r±(|(i-P)/|, \g\)\\LZ' V + ||u-^r ± (|/|,|(I- P)g\)hi, v + \W~ir±(\Pf\, |p 5 |)IU s ,„. 

The first two terms of the RHS of (12.4.21) are bounded by 
e|k5lU-Jl^ 1/2 r±(e _1 |(I- P)/|,w _1 )||l 2 u + e|h/IU~J^ _1/2 r±(e _1 |(I - P)g\, 

From \v\ 2 + \u\ 2 = \v'\ 2 + \u'\ 2 and u _1 / 2 |(u — u) • uj\^ g{u) < u _1 / 2 [|u| + |u|]y / /i(u) < [1 + |u| + 

[ u- 1 |r ± ( £ - 1 |(I-P)/|, U ;- 1 )(u)| 2 du 

J R 3 

[1 + \v'\ + |u , |]|e _1 (I — P) f (v')\ 2 w(u')~ 2 dujdudv 


< 


R3 Js 2 


(2.4.3) 


R3 J R3 J S 2 


R3 J R3 Js 2 


[1 + |t/| + |ti'|]| £ 1 (1 — P)f(u')\ 2 w(v’) 2 dwdudu 
[1 + |u| + |u|]|£” 1 (I — P)f(v)\ 2 w(u)~ 2 dududv 


+ 


[1 + |u| + |u|]| £ 2 (I — P)/(u)| 2 wj(u) 2 dwdudv. 

/r 3 J r3 Js 2 

Now by the change of variables (v,u) aa (v’,u') for the first term, (v,u) AA (u',v') for the second 
term and (v,u) AA (u,v) for the last term, we bound all the above terms as 


< 


< 


[ u- 1 |r ± ( £ - 1 |(i-P)/|, w - 1 )| 2 

Jr 3 

[ ff [1 + |u| + |u|]w;(M)^ 1 da;du | £ ^ 1 (I — P)/(u)| 2 du 

Jr 3 1 JJ R 3 x S 2 - 1 

[ u-^fl-P)^ 2 ^. 

Jr 3 


(2.4.4) 


Similarly, 

[ u- 1 |r ± ( £ - 1 |(I-P) 5 |,«;- 1 )(u)| 2 du< [ ,y- 1 \e- 1 (l-P)g(v)\ 2 dv. (2.4.5) 

Jr 3 Jr 3 

Therefore, the first two terms of the RHS of (12.4.21) are bounded by 

£|kfllloolk _1 (I- P)/IU +e|k/||oo||e _1 (I- P)fllU- 

Due to the strong decay in v of P/, we have ||^-|P/(a;,i;)||| ioo < ||P/(ic)||l 5 for any 1 < p < 
oo. The last term of (12.4.21) is bounded as, for fixed v , by ||^ _1 / 2 r(/u 0+ , /x 0+ )|| i 2 < oo, 

\\v-ir ± (Pf,Pg)\\ Ll ' V < ||u- 1 / 2 r(/+,/+)|| i? ||||P/(.)|| L 6||P 3 (.)|U3|| i , < \\Pf\\ L% JPg\\ L 3 y 
All together we prove (|2.4.1|) . □ 


Lemma 2.14. Recall r s , f w , A s , J3 in 11.3.$ , Iil.2.2\) . \1.3.6)) . We have 

|^s 12 , — | VJV§ |oo, — ^5 \$w |oo 5 

II/ip||l 6 L 2 H” 11 ^/u> 11 oo ^5 \$w | oo ? 

||(I - P)H s || i 2(Q XR 3) < + £ 2 || < h||oo|$ w |2, 

||P^s||i2(nxR3) < 

||u'A s || i c=o(QxR3) < |^uj|wu“(an) + e 2 ||4 , || 0 o|^u;|cx) + ^ll^lloo + 

I &f\i- < ll^ii)||L=(an) [l + e||^llL“(on)] IIv / ^/IIt 2 (7+)> 

\\w£f\\oo < |^U[i + £|^Io 0 ]IIVm/II z,°“(nxR 3 )- 
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Proof. From (II. 3. 411 and (11.3.21) we have the first estimate. From (11.2.21) and (11.2.11) we have the 
second estimate. From the (II.4.41) we have the third and fourth estimates. Finally, 

From (11.2.4) . (11.3.61) and (11.3.81) we have 

.12 ,_ , ,_ 

' ."[.],.[][[] ] iu 

' n(x)-u >0 


f2f(x,v) = \Ph r(-^j- 2)fp,{v)'d w (x) f f(x, u)f g(u){n(x) • u}dt 

^ J n{x)-u> 0 

+eO(\'d w \ 2 )(v) 4 f fi(v) ( R{x, u)\J g(u){n(x) ■ u}du. 

J n(x)-u >0 


' n(x)-u> 0 

By the standard Sobolev embedding we prove the estimates. 

Now we are ready to prove the main theorem for the steady case: 

Proof of Theorem \1.1\ We prove Theorem 1 1.1 1 bv considering a sequence / f , for i > 0, 
f { +! X c 2 J_rfi . U r /77f^+ 1 l _L 1 r r f +l _ PC ft ft\ 


□ 


v ■ V x f +1 + e 2 — $ • V„[V/Z/* fl ] + -Lf L+l = T(f, f) + L x f + A s 

y/h £ 

f + 1 L=P-yf + 1 +e< 2 f+er s .. 


(2.4.6) 


R u = 0, 


17— _i 7 J 

where L\ and A s are defined at (11.4.31) and (11.4.41) . £! at (I1.3.6L and r s at (II. 3. 41) . Note that 
Theorem 12.51 with (11.4.61) . (I1.3.10D . guarantees the solvability of such a linear problem (12. 4. 61) . 

Step 1. For 0 < 770 -C 1, we assume that, 

|| 11^1/2(00) + ll^lli + £ ( ||^m|lvyi,«>( 0 fi) + II^IIL) < c oho, 

for 0 < cq -C 1, and the induction hypothesis 


sup [iff < ho, 

0 <j<i 


(2.4.7) 

(2.4.8) 


where the norm [[ • ]] is defined in (12.1.201) . 

We apply Theorem 12.51 for 

/ = f+\ g = r(/*, f) + L,f + A s ,r = e£>f + er a , 

to achieve the same upper bound as in (12.4.81) for [[/ £+1 ]] 2 in the next two steps. 

We estimate the right hand side of (12.1.241) for our case. From (11.4.31) . PLif = 0 and 

\Lif\x,v)\ < |0-4:r)|{|r ± ((i;> 2 v /)I, Pf)\ + \T (I - P)f)\}. 

Then 

IK 1/2 (I - P)Lif% < ||© W || 3 ||P/^||6 + elie^Hoote-'lKI - P)fU (2-4.9) 
Using (12.4.91) . (12.4.11) . (|1.4.3I) . (11.2.21) and Lemma [2.141 we obtain 

\W~Hl - P)g\\ 2 < iff + (||0«,|| 3 + e||e«, Hoc) lf% + || ©u> || 2 + e 2 ||<h0„|| 2 + || |0„| 2 || 2 , 

e-'WPgh < ll*l| 2 , 

£ 3 / 2 ||(u )- 1 «; 3 || 00 < e 1/2 [[^f +e|| 0lu || O o[[ / ^+e 5/2 ||^||oo+£ 3 / 2 || Va; B 1 „||oc 


+e 7 / 2 ||$|| oo ||0 u; || oo + £ 3 / 2 ||0 u; || 


From Lemma 12.141 


e _1/2 |r|2 < e 1/2 |^|oo[[/1+e 1/2 |^|oo, 

£ 1/2 |wr|oo < e 3/2 |^|oo[[/ £ ]] +e 3/2 |^|oo. 


Finally applying Theorem 12.51 we conclude that 

U t+1 f <{(1 + £ )[[ff + (110.113 + £ ||0 u ,||oo) 2 + (e 2 +s 3 )\KL}[[ff+C0V0. (2.4.10) 

By ||0J| 3 < ||0«j||fl-i(n) < 1^1 H i(dn) < Cor?0 ^ 1 we prove that I f +1 f < ho- 

Step 2. We repeat Step 1 for f e+1 — f e to show that R l is Cauchy sequence in L°° D L 2 for fixed 
£. Now it is standard to conclude that the limiting f —> f solves the equation. The uniqueness 
is standard. (See [15] for the details) 
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Step 3. To prove the weak convergence of f E , we use the argument of [7j where it is proved, in the 
unsteady case and without boundary, that, if f E converges weakly to a limit, then the limit has to 
be in the null space of L and its components have to solve the INSF system. Adding a force field 
is straightforward. The boundary condition issue requires a little more care. Let g e = f w + f E . 
The equation for g e is 

v ■ V x g e + e 2 — + }_ Lg e = Y(g e , g e ) + £ <J> • vyfg. (2.4.11) 

VS £ 

From the previous results we know that || (I — P)g E \\ u —> 0 as e —> 0. Moreover P g e is bounded 
in L® and hence weakly compact and (v)~ 1 T(g E , g E ) is bounded in L 2 V . Therefore 


v-V x (g E (v) 1 )+s 2 {v) V -Vv(g e Vs) £ L l,v 

Passing to the (weak) limit as e — > 0, up to subsequences, g E —> g\ weakly and e 2 (i;) _1 /r _ 5$ • 
V v{g £ Vs ) ~t 0 i n the sense of distribution, so that, as distribution 


v-V x (g e (v) 1 )+e 2 {v) V 2 $ • S7 v {g E Vs) -t v ■ V x (gi{v) *) 

But v ■ V x (< 7 e (f} _ ) + e 2 {v)~ 1 $ • V v {g E Vs) ^ as a wea k limit in L 2 v . By the uniqueness of the 

distribution limit, we deduce that the limit g\ = Pgi is such that 

v-WVgiVy 1 ) &L 2 x v , IMUe « 1. 


But gi = {p + u ■ v + 9{\v\ 2 — 3)/2} v //I, and, from the linear independence of -^{l,v,v ® 
f, |f | 2 , f |f l 2 },^//!, we deduce that p,u,Q £ H x . The equation for the hydrodynamic fields are 
deduced as in |7] as follows: we apply P to equation ()2. 4.111) and take the weak limit to obtain 
that 

P(v ■ S7 x g\) = 0, 


which is equivalent to 

V x (/9+0)=O, V x -u = 0. 

Then we multiply equation (12.4.111) by e~ 1 vVp, integrate on velocity and take the weak limit. We 
obtain 

lim £ -1 V x • WPiV ■ V x g e ) L 2 = 

£—>■0 

To compute the above limit we write 


e 1 V x -(v®vyji,g e ) L 2 = (L -rp : ),£ 1 Lg e ) L 2 +S7 x p e , 

where p e = e~ l {^\v\ 2 Vs, g e )ip .. In order to compute the limit of the first term, we note that, 
from the equation, the weak limit 


lim £ 1 Lg e = T(g ll g 1 ) -v -W x gi- 
£->0 


Hence we obtain 

If I 2 

$ = V x ((f (g) v -^-I),L -1 (r( 5 i, 3 i) - v ■ \7 x gi) L l + \7 x p, 

where p = lim e p e . It is standard to compute that 

M 2 

v* • (f ® v -^-1 ),L~ 1 (T(g ll g 1 ) - v ■ V x gi ) L 2 =u®u- »A u, 

and hence u is a weak solution to the incompressible Navier-Stokes equation (ll.4.9l) i. Similar 
arguments can be used to obtain (11.4.91) 9. The conditions V x (p + 9) and V x ■ u have been already 
obtained. 

We only need to check the boundary conditions. We return to f E = g e — f w . By the smoothness 

of f w , 


»-Vi(. f!(v) 1 )+e 2 {v) V = V w (/Jv^) ->-f • V x (/i(f) *) e L 2 X V weakly. 
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By Lemma 12.31 //(u ) _1 has local trace which weakly converges to ( v)~ 1 P 1 f\ because (1 — 
Pjfltv)- 1 —> 0. So fi has a local trace P 7 /i on 7 . But fi £ so that, for each »el 3 the 

components p — p w , u and 9 — Q w of P/i have trace on the boundary. Hence P/i = P 7 /i- Thus 
u = 0 and 9 = iD w on <9fL Recall ||3 i||l 6 ■C 1, so is ||ii||l 6 + ||0||l 6, hence all the weak limit points 
must coincide with the unique solution to the steady Navier-Stokes-Fourier solution. 

The positivity F s > 0 is left for the unsteady case in Section 3.7 □ 


3. Unsteady Problems 

3.1. Preliminary and the linear theorem. 

Definition 3.1. Assume <f> = $(x) £ C 1 . Consider a unsteady linear transport equation 

£d t f + v-V x f + £ 2 ^-V v f = g. (3.1.1) 

The equations of the characteristics for \3.1.1\) are 

Y = £~ 1 W, W = £<&(Y), Y (t; t, x, v) = x, W(t;t,x, v)=v. 

By the uniqueness of ODE 


(3.1.2) 


t — s t — s 

\Y(s\t,x,v),W(s;t,x,v)] = [X(t - -,t,x,v),V(t - -\t,x,v) ] 

£ £ 


= \X{e 1 s;0,x,u), V(e 1 s;0,x,w)], 


(3.1.3) 


where (X, V) is defined in \2.1.7\ ). 

Define 

tb(x. v ) := sup{f > 0 : Y (—s; 0, x, v) £ U for all 0 < s < t} 

t s s t 

= £ supl — > 0 : X( — ;0,x,v) G fi for all 0 < - < -} = £tb(x,v), 

£ £ £ £ 

if(x. v) := sup{f >0:F(s;0,i,s)g!1 for all 0 < s < t} 

t s s t 

= esup{- > 0 : X(-'0,x,v) G fl for all 0 <-< -} = etf(x,v). 

£ £ £ £ 

Moreover 

~ t b (x , 

Xh(x,v) = Y(-th{x,v)]0,x,v) = X( -——; = X(-t b (x, v); 0, x, v) = x h (x,v), 

£ 

Xf (x, v) = Y(—tf(x, v); 0, x, v) = X(— f ^ 0, x , v) = X(—tf(x, v ); 0, x, v) = x?(x, v), 

£ 

Vb(x,v) = W(-tb(x,v);0,x,v) = V (-^——: 0, x, v) = V(-t b (x, v); 0, x, v) = v b {x,v), 

£ 

~ tf\X V ) 

Vf(x, v) = W(—tf(x, v); 0, x,v) = V (--—: 0, x, v) = V(—tf(x, v); 0, x , v) = Vf(x, v). 

£ 


(3.1.4) 


(3.1.5) 


n 
1 0 


Lemma 3.2. For f G L 1 ([0, fjxSlx M 3 ), 

\f(t,x,v)\d r ydt < £ ff |/(0, x, u)|dudx + £ f ff |/(t, x, w)|dwd:rd£(3.1.6) 
JJ f!xl 3 Jo i/fixl 3 

+ [ [I \[ed t f + v- V x f + E 2 $-Vyf}(t,x,v)\dvdxdt. 

Jo JJnx r 3 

Proof. First we claim 

f d5' x du|n(x) ■ v\ f d t f 

J 7 + Jo J u 

< £ f ff \f(t,x,v)\dxdvdt. 

JO JJ £lx R 3 


max{-£tb(x,u),-f} 


ds|/(f + s,X(e i s; 0, x, v), V(e i s;0,x,u))| 


(3.1.7) 
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By the Fubini theorem and the change of variables s = e 1 s, 

r T rO 


d5 , a: dw|n(a;) ■ v\ f dt f 

J0 J IT 

f dSa;dn|n(x) • v\ f 

J~t S + J IT 

r 

dv\n(x) • u| / 

J rr 


d s • 


'7+ 


max{—eti > (x,v),—t} 


max{—£ti ) (x,v),—T} J—s 


< e dS- 

J 7% 


{ — ty 3 (x,v), — £ - 1 T} Jo 


ds f dt \f(t + s,X(e 1 s',0,x,v),V(e 1 s;0,x,n))| 

J — S 

ds [ dt \f(t,X(s;0,x,v),V(s;0,x,v))\ 

1 T\ Jo 


< 


£2xR 3 Jo 


f(t, x, D)dtda;di>, 


where we have used Lemma \2 .21 and tb(x,v) <s 1 for (x,v) £ 7 +. 
Now we recall that 


ds 


| f(t + s,X(e s; 0, x, v), V(e s;0,x,n))| 


< | [dtf + e 1 V ■ V x f + e®(X) ■ V v f] (t + s,X(e 1 s; 0,x,v),V(e 1 s; 0,x,'< 


and 


\f(t,x,v)\ < | f(t + s,X(e 3 s; 0,x,v),V(e : s; 0, x, n))| 


+ / | [dtf + e l V ■ V x / + e3>(X) • V„/](t + T,X(e ®t; 0,x,v),V(e ®r; 0, x, n))|dr. 

J S 


For (y, u) £ 7 + and for s £ [max{— et\ 3 (y 1 —u), —t}, 0] 
min {et b (y,-u),t} x \f(t,y,u)\ 


+ 


L 

L 


| f(t + s,X(s s; 0, y, u), V(e s;0,y,u))|ds 

max{—etb (?/,—'^a)»— 

0 P t 


f \[dtf + £ x v ■ VJ + e$- V v f](t + T,X(e 1 r;0,y,u),V(s 1 r; 0, y, u))|drds. 

J S 


I max{—Etb^y ,—u) ,—t} J s 

If (t, y, u ) £ [e<5i, T] x 7 + \ 7 + then tb(y, —u) >n \n(y) ■ n|/|w | 2 > <5 3 . We use (13.1.711 to bound 


< 


min{e<5 3 ,ei5i} x / dS x dv\n(y) ■ u\ dt \f(t,y,u)\ 
j 7 ^. J £( 5 i 

f d5 , a; dw|n(y) ■ u\ f dt f 
J 7 ^ J £<5i J rr 

+ f d5' x dw|n(?/) ■ u\ f dt 

J “Y 8 , J £< 5 i 


| f(t + s,X(e 3 s; 0, y, u), V(e *s; 0, y, u))|ds 

£<5i J max{—£t\ D (y,—u),—t} 

T r 0 r t 


£<5i J max{—£tiy(y, — u),—t} J s 


< 


x|[<9 tf + e %V ■ V x / + e$ • V v f](t + r,X(e 1 T;0,y,u),V(e 1 r;0,y,-u))|drds 

/ // \f(t,x,v)\dvdxdt + / // \\ed t + v ■ V x + e 2 $ • X v ]f(t,x,v)\dvdxdt. 

Jo JJ OxR 3 Jo JJnxWL 3 

We choose eSi -C eS 3 < e x infinf 7+ \ 7 « tb(y, — u). Then etb{y,—u) > t for all ( t,y,u ) £ 
[0, e8i\ x 7 + \7+ so that the backward trajectory hits the initial plan first: 

\f(t,y,u)\ < |/(0, X(e _1 t; 0, y, it), V(e~ l t\ 0, y, u))| 

rO 

+ J \[d t f + e-'V ■ V x f + e$(X) ■ V v f](t + s, X^s- 0, y, u), V( £ - L s; 0, y, «))|. 
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Then from (13.1.71) and the change of variables 

(*£^1 r 


< 


< e 


[ I \f(t,y,u)\ 

J 0 J 7 -|_ 

[ dt f dS y dv \n(y) ■ «| |/( 0 , X(e _1 f; 0 , y, w), P(e _: 4; 0 , y, m))| 

Jo J 7 + 

pe&i r 

+ dt dS'ydw |n(y) ■ u\ 

JO J 7-|- 

r° 

x I | [dtf + e 1 V-V x f + £®(X) ■ V v f](t + s,X(e 1 s;0,y,u),V(e 1 s; 0, y, u))|ds 

M ■ 

Jo J 7-|- 


d^ydi; | n(y) • u||/(0, X{t; 0, y, u), V(t\ 0, y, m))| 


T 

0 JJQx R 3 


[ed t + v • Va; + e 2 $ • V„]/(i, x, v) Idvdxdf 


(e 1 t = t) 
(e _1 s = a) 


< 


+ / 

eSi // \fo{x, i>)|dwdx + / // \[ed t + v ■ V x + £ 2 <h • V v ]f(t,x,v)\dvdxdt. 

JJ OxR 3 Jo JJflxK. 3 


□ 


Lemma 3.3. Assume Assume that f(t, x, v), g(t , x, v) £ L 2 (R + x x R 3 ), {dt + e 1 v ■ 

Vz + e$ • V v }f, {d t + e~ 1 v ■ S7 X + e<h • V„}y £ L 2 (R + x LI x R 3 ) and / 7 ,y 7 £ L 2 (R + x 7 ). Then 

f ff {ed t + v • V x / + £ 2 $' V v f}g + {ed t + v ■ V x g + e 2 $- V v g}f dvdxdr 

Js JJ QxM 3 

: // f{s,x,v)g{s,x,v)dvdx — £ // f(t,x,v)g(t,x,v)dvdx 

JJ t!xl 3 JJflx R3 


= £ 


fS 

J s J 7-|- 


fgd 7 ^ / fgd 7 


dr. 


Proof. The proof is from Chapter 9 of m with the same modification as Lemma m 


□ 


3.2. Gain of Integrability: L 2 L 3 Estimate. The main goal of this section is the following: 

Proposition 3.4. Assume g £ L 2 (R + x fl x R 3 ), /o £ L 2 (fi x R 3 ), and / 7 £ L 2 (R + x 7 ). Let 
/ £ L°°(R+; L 2 {Ll x R 3 )) solve hS.1.1 1) m t/ie sense of distribution and satisfy fit , x, x) = / 7 (t, x, v) 
on R+ x 7 and f(0,x,v) = fo(x,v) on LI x R 3 . Recall P/ m M.2.10\) . 

Then there exist Si f(t,x), S 2 f(t,x), and S 3 f(t,x) satisfying 


I a{t, x)\ + \b(t, x)\ + | c(t, x)| < Si f{t, x) + S 2 /(t, x) + S 3 /(t, x), 

where the precise form of S if is defined in \3.2.33\ ) . 

Moreover, 

l|Si/IL f T3+^||s 2 /|| ¥ 

J-j-l -L-'x 

^ + ll/oll^ + lib • +e 2 $ ■ V„]/ 0 ||l2 v + Wfoh^j) + ||/ 7 ||l2(r + x7), 


and 


|S 3 /||j 


< Ilfl-P) 


(3.2.1) 


(3.2.2) 


(3.2.3) 


We need several lemmas to prove Proposition 13.41 First we define fs which represents either 
the interior or the non-grazing parts of / near the boundary. 












40 


R. ESPOSITO, Y. GUO, C. KIM, AND R. MARRA 


Definition 3.5. We define, for R 3 and for 0 < 5 -C 1, 

fs{t,x,v) 

■= I 1 - X( n ^ § ^ )x(~^)]xbM){lte[o,oo)/(C x, v) + l t e(-oo,o]X(t)fo{x,v)}. 
Here n(x) and x « r e defined in \2.1.5\) and \2.1.4]) respectively. 


(3.2.4) 


Here we extend fs to the negative time so that we are able to take the time-derivative. Clearly, 

||/<5||l2(rxQxR3) < ||/||L 2 (R + xnxR 3 ) + ll/o||L 2 (nxR 3 )) 

II/5||l 2 (Rxt) ~ ll/7lli 2 (R+X7) + ll/o||i 2 ( 7 )- 
Note that, at the boundary (x, v) £ 7 := dtt x R 3 , 

fs(t,x,v) | 7 = 0, for \n(x) ■ u| < 6 or |u| > —. (3.2.5) 

Lemma 3.6. Assume the same hypothesis of Proposition fCfil Then there exists f(t,x,v ) £ 
L 2 (R x R 3 x R 3 )„ an extension of fs in Ij3. 2-41 ), such that 

/loxR 3 = fs and f\ry = fs | 7 and f\t ~0 = fs\t— o- 
Moreover, in the sense of distributions on R x R 3 xR 3 , 

{sdt + v ■ V x + • V„}/ = h[f, g] = hi + h 2 + + /14, (3.2.6) 

where 


hi{t,x,v) = l(x,t;)eOxR 3 [l - x( n ^ s 

X [lte[0,oo)5(C X, v) + l te (_ OOj 0]x( i ){ £ ^^ + V ■ V* + e 2 $ • V v }f 0 (x, v )], 
h 2 {t, x, v ) = l(x^) e nxR 3 [lte[o,oo)/(*! x, v) + lte(.-oo,o]X{t)fo{x, v)] 

x{u • V x + e 2 $ • V 


}([i-x<^M^)M«l)), 


1 f ^ ^ X ^ 

h%(t,x,v) 1 ( a ; i 1 ,)g[o ( j i 54 \n]xR 3 (0^4 v ' ^ X ^( x )x (^ 

x [fsit - etk(x,v),xt(x,v),vl(x,v))l x ^ X ' V ) e on 
+fs(t + etf (x, v),Xf (x, v), Vf (x, v))l x » (x^ean]» 


(3.2.7) 


(3.2.8) 


(3.2.9) 


£(®)> 


h A {t,x,v) = 1 ( x , v)e[ n Ssi \n]xR3fs(t ~ £tU x , v )’ x b( x ’ v )’ v b{ x , v ))x(-^)x'(,tUx,v))l K{x , v)&an 


+ 1 (i,»)6[n ej4 \i2]xR afs(t + £tf(x, v),X* { (x, v), Vf (x, v))x(^^)x'(tf( x > v)) 1 *; (z,„)e3fi, 

(3.2.10) 


CS 4 ' 

t,.// 

CS 4 ' 


where 

n 6si := {i£R 3 : £(x) < C7) 4 }, (3.2.11) 

and, for (x, v) £ Cl^, s4 \Cl, with Cl = f2 U dfl, 

tl,(x,v) := inf{s > 0 : 0 < £(X(s; 0, x, v)) < CS 4 for all 0 < r < s}, tf(x,v) := t^{x,~v), 
{Xh{x,v),vl(x,v)) := (X(-tl(x,v);0,x,v), V(-tl(x,v);0,x,v)), (3.2.12) 

(Xf(x,v),Vf(x,v)) := (X(tf(x,v);0,x,v),V(tf(x,v)-,0,x,v)). 

Moreover, 

||^i|U 2 (RxR 3 xR 3 ) ^ llffl|L 2 (R+xnxR 3 ) + e||/olU 2 (nxR 3 ) + lib • V x + e 2 $ • V„]/ 0 ||L 2 (nxR 3 ); 

11 ^211L 2 (Rx R 3 X R 3 ) iSs ||/||i 2 (R + xnxR 3 ) + ||/o ||i 2 (nxR 3 ) > (3.2.13) 

11 ^311L 2 (Rx R 3 X R 3 ) + ||MU 2 (RxR 3 xR 3 ) S || / 7 || L 2 (R + x 7 ) + II/o||l 2 ( 7 )- 
Proof. The proof of this lemma is given in Annendix lA.il □ 
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The next step to prove a version of the velocity averaging lemma in the presence of a small 
external force. The presence of the external force requires significant modifications to the original 
argument in [24,) ;49] . 


Lemma 3.7. Let f £ L 2 


xr x lr) be a function solving the transport equation 
ed t f + v ■ V x f + e 2 $ • V„/ + f = q, 


(3.2.14) 


in the sense of distributions with q £ L 2 x v . Let if{v) be a smooth function, which vanishes very 
fast as |v| —X oo. 

Then we can decompose f as 

f = fla + fsm, (3.2.15) 


such that 


f 

Jr 3 


tpfladv 


<„ 


b Ik iL? , 


for w = with 0</3<l, and 

ipfsmdv 


I R 3 


L 2 L f ^.ll*IU £2 W w 1( ihi XiV - 


(3.2.16) 


(3.2.17) 


Proof. We only prove the case /3 = 0, because the growing factor w can be absorbed in if by 
redefining f ia . 

Step 1. We define a “large” part as 

nOO 

fia(t,x,v) := / e~ T q(t - ET,X - TV,v)dr. (3.2.18) 

Jo 

Then, clearly fi a solves the transport equation without an external force, in the sense of distribu¬ 
tions, 

£d t fi a + vV x f la + f la = q. (3.2.19) 

Via the change of variables ( t — et, x — tv, v) <—> (t, x, v) for fixed r and the Minkowski inequality 

/»oo roo 

\\fia\\ L 2 txv < e- T \\q(t-£T,x-TV,v)\\ L 2 xti dT = \\q\\ L 2 x l e" T dr < ||?|| x u . (3.2.20) 

’ ’ J 0 ’ ’ Jo 

Therefore, fi a is in L 2 . By the standard velocity averaging lemma [2HIIS], f R3 fifiadv is in L 2 H£ 
and satisfies the bound (13.2.161) by the Sobolev embedding L 2 (R; Hi (R 3 )) C L 2 (R; L 3 (R 3 )). 

Step 2. Now we define a “small” part as 


fsm (t, X, v) := f (t,X,v) - fla(t,X,v). 

Clearly, 

E-dtfsm d - ^ ^xfsm + fsm = £ ^ ^vf‘ 

We use the shorthand notation 

C = -e 2 d>f, 

so that (13.2.221) becomes 

£&tfsm T V * V xfsm d - fsm ~ ^vC- 

By Fourier transforming, 

v„c |V„CI 


fsm — ./ . i 

l\£T + V ■ £) + 1 

Recall x is (12.1.41) . Then, for a > 0, 

' ET + £ ■ V 


If I < 

5 | J sm I r-w- 


/ 

J R3 


fsmlf= / fsmlfX 

Jr 3 


a 


4~ / /smV’ 
Jr 3 


et + v ■ £| + 1' 

ET + t; ■ V 


i — X 


(3.2.21) 

(3.2.22) 

(3.2.23) 

(3.2.24) 

(3.2.25) 


:= + ^ 2 - 
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Since in we have only the contribution for |£t+£-u| < a, by integrating first on the velocity v^± 
orthogonal to £ and then on the one dimensional variable = W; with the change of variables 
we estimate, 

a ’ 

1 

l^ll < ^rWfsmhl. 

ICI 2 

As for 5^, we use (|3.2.25l) to obtain 


/ 


■3^2 = dv 


v„c 


* / 

JR 


dv 
+ I dv 


R 3 i(et + v-^) + 1 

ec 


/ 

Jr 


R 3 [i(£T + v ■ £) + l] 2 

C 

R3 *(er + v ■ £) + 1 




i-x 

i — X 
1-X 


ET + (; ■ V 

a 

ET + (; ■ V 

a 

ET + (; ■ V 

a 


dv 


CC 


R3 a[i{ET + v ■ £) + 1] 


V'x' 


, / ET + £ • U 


:— + J^2 + 3^3- 

We have 


l-*i| < ICI 


dv 


^(i - x) 


[|er + • £| + l] 2 


IICIUs < ICI 


dv 


|er+^-i;|>a [|£T + V • £| + l] 4 


IlClk 


|£| 2 

< %IICIUs- 

a 2 



IICIU 2 < 4 feVllCIU 2 = ^IICIU 2 . 


|-*S| < 


Now we choose a such that 


which means 


With this choice, we have that, 


« 2 VICI 


1 


ft 2 


IIClUj < -T-r-p-IICIUs- 

a 2 |£| 2 


Q/ 2 A |£| 2 A 

-kl/ sm |k = %IICIk, 

|£| 2 a 2 


« = ICI 5 IICIII 2 ||/ sm |lk- 


kii + w + i^i <3Ki-inciii.ii/« B |i!. > i^i < ir^iakiiiUii- 


Therefore, from (13.2.231) 

Hiekkii+ 1^1 + 1^1)11^ 
[|iei l i^3i|| 


i 2 f 


< 


< 


L 2 ||/sm |||,2 Ik ^ £2 ll^ > l|o3|l/lli,2 ll/smlk , 

V V t ,£ t,x,v t, x,v 

£2 || fsm || £,2 || L 2 + £2 11^*11 roll/ 11^2 ll/sm|| Li x v ' 


We also note that ||J ^|\ L ^ ||CIIl^„ ^ £ 2 ||$||oo||/||lL,„- 


t,£,v 


Denote the anti-Fourier transforming by JF. ^. By the Sobolev embedding H 4 (R 3 ) c A 5 
and Hi Ct 4 , we have 

Il^- s 1 (^ 1 + jr 1 + jr 2 )|| ¥ <||^ 1 (^ 1 + jr 1 + jr 2 )|| 4 <e*||/||* a IliUljL , 

,s ,s LfH£ ^t,x,v ^t,x,v 
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By an interpolation (Lf C L 2 D L*) 

\\&~l ^\\ T2 < WKt-KWh \\^rj^\\l t L 4 <^\\f\m WfemWn . 

’ ’ / .f / . J t.X 7 ’ t X t.X.V t.X.V 


11 


Clearly from (|3.2.2ip and P-2.20|), ||/ sm .||z,= < H/IU^ „ + Wflahl^ ^ ll/llz, 3 ^ + 

On the other hand, from (13.2.141) . 

/»00 

f(t,x,v)= / e~ T q(t — £T,X(t — ET;t,x,v),V(t — £r;t,x,v)). 

Jo 

Following the argument to prove (13.2.201) . we obtain ||/|| L 2 < ||g || L 2 . Therefore we conclude 

||^- 5 1 (^i + jri+jr 2 + jr 3 )|| ¥ <^(||/|| Lf _ + |M| Lf _), 

and hence the estimate (13.2.171) . □ 

Now we are ready to prove the main result of this section: 

Proof of Proposition \ 3. 41 Recall (11.2.101) . We use temporary notations 


[CoM, (l(v), ( 2 (v), ( 3 (v), (4(v)] := l^v^v^vs^a, 


2 |ti | 2 — 3 

3 2 


VmI- 


(3.2.26) 


From (13.2.4j) . 

/ fs(t,x,v)(i(v)dv 
J R 3 

= [ [! - x( 

Jr 3 


V )x(^y-)]x{S\v\){lt>of(t,x,v) + l t <ox{t)fo{x,v)}Ci(v)dv 


= 1 


t> o 


+ 1*<0 

1 


Xa ^ ~ X( n( 'X ^ )x( ^p)]xW){l>^0fo) + (!- p )f{t,x,v)}(i{v)dt 

[ [i-x(- 

Jr 3 


r7l (^-^)x(^)]x(^bl)xW/o(a:,w)Ci(v) d « 


t>o{ai(f,x)+0(<5) Vla^aOI + O^l) [ |(I- P)/(t,x,w)|Ci(«)dt;) 

+lt<ox(*) / fo(x,v)Ci(v)dv. 

Jr 3 


Therefore 

4 


V l t >o|ai(t,x)| < V I [ f 5 (t,x,v)Ci{v)dv +l t <ox(t) [ \fo{x, u)| Y] |Ci(«)|d« 

2=0 2=0 ■' R3 •' R3 2=0 

4-4 

{°( (5 )Z]l a j( t ’ :r )l +°<5( 1 ) / |( I -P)/(^x,i;)|^|C2(w)| d w}. 

4—n «/R 3 4 —n 


+l*>o( 


Hence for all i = 0,1, 2, 3,4, 


i{t,x)\<df \fs{t, x, v)\{v) 2 y/p(v)dv + 4x(t)l t <o [ \fo(x,v)\(v) 2 ^/p(v)dv 
Jr 3 Jr 3 

+ 4 [ \(I-P)f(t,x,v)\(v) 2 y/pfv)dv. 

Jr 3 


(3.2.27) 


Now we focus on the part of fg in (13.2.271) . From Lemma T3. 61 there is an extension fs defined 
by (IA. 1.121) such that 

[ \f6(t,X,v)\(v) 2 y/p(v)dv < [ \f S (t,X,v)\{v) 2 yJp{v)dv. 

Jr 3 Jr 3 
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and, solves 


£<%fs + V ■ Vxfs + £ 2< £ • V„/$ + fs = h + ft, 


(3.2.28) 


in the sense of distributions with h = £T =1 where hi are defined in Lemma 13.61 

Now we apply Lemma [3771 to (13.2.281) with f = fs and q = h + fs- Then we can decompose 

h=TsM+Ts,sm, (3-2.29) 

where fs i a is defined, as (13. 2. 181) . 

pOO 

fs,la( t , x , v ) = e~ T (h + fs)(t-£T,x-Tv,v)dT, (3.2.30) 

Jo 

and Ts,sm -=Ts- 7s,i a as in (|3dL21J). _ 

Using (13.2.161) and (13.2.171) with if = £, in (13.2.261) . we deduce that 


[ (i(v)fs, 

J R 3 

/ Ci(v)f8, sm 

J R3 


du 


du 


<lk + Ik fshi XiV , 

+ II«'- 1 7*IIlj.„)■ 

Note that from Lemma [3761 

lk _1 ^ll + W^Tsh^ 

~ IMk... + ll/ollij,. + II[« ■ V x + e 2 ( f> • V„]/o||z,2^ + ||/o||l2 (7 ) + ||/ 7 ||l2( R+X7 ). 
Finally we set 

Si f(t,x):=[ \f s i a \{v) 2 y//j,(v)dv, 

Jm.3 

S 2 f(t,x):=[ \fs tSm \(v) 2 ^/n(v)dv, 

J R 3 

Szf{t,x):=& [ |(I - P)f(t,x,v)\{v) 2 y/p,{v)dv. 

J R3 

Then by (13. 2. 311) and (13.2.321) we conclude (13. 2. 2D — (|3. 2. 3D . 


(3.2.31) 


(3.2.32) 


(3.2.33) 


□ 


3.3. Unsteady L 2 —Coercivity Estimate. The main purpose of this section is to prove the 
following: 

Proposition 3.8. Suppose $ = <f>(x) £ C x ,g £ L 2 (R+ x Q x R 3 ), and r £ L 2 (R_|_ x y_) such 
that, for all t > 0, 

// g(t, x, v)^fjldvdx = 0 = / r(t,x,v)y/g dy. (3.3.1) 

Jh 2xR 3 

Then, for any sufficiently small e, there exists a unique solution to the problem 

edtf + v - S7 x f + -^—e 2 ® ■ V„(v^I/) + e _ 1 L/= g , (3.3.2) 

sfh 

with /|t=o = fo and /_ = P 7 / + r on R + x y_ such that 


f2xll 


f(t , x, v)y/JIdxdv = 0 , for all t > 0 . 


Moreover, there is 0 < A -C 1 sitc/i that for 0 < s < t, 


\\e Xt m\\l+e- 2 C ||e Ar (I — P)/(r)|| 2 dr + f ||e^P/(r)|| 2 dT 

J S J S 

+S- 1 f\e^{l-P 1 )f\ 2 + f\e^f\ 2 

J S J S 


(3.3.3) 


(3.3.4) 


< \\e Xs f(s)f 2 +6- 1 [ \e^r\l_ + [ \\u~ie^(I - P ) 5 || 2 + e " 2 [ ||e A - P ff || 2 . 

J s J s J s 
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In order to prove the proposition we need the following: 

Lemma 3.9. Assume that g and r satisfy \3.3.1\) and f satisfies V3.3.2\) . and \3.3.3\) . Then there 
exists a function G(t) such that, for all 0 < s < t, G(s) < || /(s) || 2 and 

[ l|P/(r)|| 2 , < G(t) — G(s)+ J* \\iW\\l + \ r (T)\l_+e - 2 J* \\(I-P)f( T )\\l+ J* |(l-P 7 )/( r )|* + . 

Proof. The key of the proof is to use the same choices of test functions (with extra dependence on 
time) of (12.3.191) . (12.3.461) . (12.3.631) and (12.3.671) and estimate the new contribution f * J] flxU :s dt4’f 
in the time dependent weak formulation 


[ f 4 ’ f ~ l l ^ S ~ 

J s J ' 7 -l J s J 'f— 

; [[ iff(t)+E [[ iff{s) 
JJQxS 3 JJflxR. 3 


t rr lb rt 

{u • \7 x lf + ■ V„——}/ - £ 

OxR 3 \Jl l 


lixl 3 


dt'f’f 


[-ifL(I-P)f+ifg). 


(3.3.5) 


= -£// 1pf[t)+£ II 1ff{S)+£ 

/ OxR 3 JJQx R 3 Js JJ OxR 3 

We note that, with such choices G(t) = — UnxRsV’/Wi an d |G(t)| < ||/(f)|||. Without loss of 
generality we give the proof for s = 0 . 

Remark. We note that (13.3.11) . (13.3.21) and (13.3.31) are all invariant under a standard t- mollification 
for all t > 0. The estimates in Step 1 to Step 3 below are obtained via a f-mollification so that 
all the functions are smooth in t. For the notational simplicity we do not write explicitly the 
parameter of the regularization. 

Step 1. Estimate of V^A ~^ l dta = V x dt<p a - In the weak formulation (with time integration over 
[t,t + (5]), if we choose the test function if = T\ffi with <p(x) dependent only of x , then we get 
(note that Lf and g , integrated against ip(x)yffi are zero) 


p pt-\-8 p pt-\-0 p 

£ / [a(t + 5) - a(t)\p(x) = / / ( b-V x )ip(x)+ / / 

J Q J t J Q J t J ”7— 

where we have used the splitting (|2.3.31l) and (12. 3. 301) . Taking difference quotient, we obtain for 
all t 

£ / (pd t a= / ( 6 -V x )<p+ / rip^/fi. 

J Q, J f 2 J 7_ 

Notice that, for <p = 1, from (13.3.ID . the right hand side of the above equation is zero. Hence, for 
all t > 0, j n dta{t)dx = 0. On the other hand, for all <p(x) € we have, by the trace theorem 

M 2 < \\v\\m, e\\f n v(x)d t adx\\ < |r| 2 ,-M 2 + IHMMIjji ^ {II&WII 2 + M 2 ,-IIMU 1 - Therefore 
we conclude that, for all £ > 0 , 

4 d Mt)\\ (m r < ||6(*)||2 + |r| 2 , 

where (H 1 )* = (H 1 ( ft))* is the dual space of H 1 ( f2) with respect to the dual pair (A,B) = 
f n A(x)B(x)dx, for A € H 1 and B € (H 1 )*. 

On the other hand, tp a in (12.3.671) is the solution of — Ad t g> a = d t a, £^dtg> a = 0 at dfl with 
f n d t a(t,x)dx = 0 for all t > 0. From the standard elliptic theory, 

e\\VxdtTah = £\\ A N ld ta(t)\\Hi < 49ta{t)\\ {H i r < {||6(£)|| 2 + |r| 2 }. 

Therefore, we conclude, for almost all t > 0, 

l|v^ 0 (t )|| 2 < £**{||&(*)l | 2 + kb}- (3.3.6) 

Step 2. Estimate of V^A ~ 1 d t V = V x dt<fil- In (13.3.51) . we choose a test function if = ip(x)vi^/JI. 
Since f ViVj/i(y)dv = J -|)/z(u)du = Sij, we get 


t-\-8 


2 

p pt-\-8 p pt-\-8 p pt-\-8 p 

[bi(t + 6) - bi(t)]ip = - fpvi^fi+ / ditp[a + c] — e 2 / / $i(pa 

J £2 J t J ■y J t J Q J t J £1 


+ 


ft-\-8 nn d (*t-\-8 pp 

I // X/ , ^v / / 75 Mi-P)/+/ 

Jt JJQxR 3 j = i Jt ./•/SIxJ 


ipvig^jl. 
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Taking difference quotient, we obtain 


: f d t bi(t)tp = - [ f(t)vitpy/]I + [ dnp[a(t) + c(t)\ - e 2 f 4>,^a 

J q I 7 J n in 


+ £ 


f2xR 3 . =1 


Yl v j ViVfid j ‘p(I- P)/(i) + // 


nxR 3 


For fixed f > 0, we choose ip = dt<p\ in (|2.3.4711 solving —A dt<p\ = dtbi(t), dtp\\an = 0. The 
boundary terms vanish because of the Dirichlet boundary condition on dtP b - Then we have, for 
t > 0 , 

£ [ |V x A - 1 d t &i(t )| 2 = e [ \V x d t ip l b \ 2 = -s [ Ad t <p l b d t ipl 
Jo, J £2 1 / r 2 

< 4j7e{||V x c?tv4II 2 + ll^jlll} + ^[||a(t)||l + ||c(t)||! + ||-^|||] + ^3 ||(I - P)/(t)||l 

+^m 2 ooMi 

< SrjsWVMWt + ^[||a(t)||l + ||c(t)||l + ||-^|| 2 ] + ^\\(I - P)f(t)\\l 

+Il4=lll + fHI*ll»IMl2, 

sjv 477 

where we have used the Poincare inequality. Hence, for all f > 0 

IIV*M |2 < e-'iMVh + ||c(t )|| 2 + ||^|| 2 } +e- 2 ||(I- P)/(t)|| 2 . (3.3.7) 

\jv 


Step 3. Estimate of V^A 1 9 t c = S/ X dt<p c - In the weak formulation, we choose a test function 
¥>0*0- Dv 7 ^- Since - |) =0, = S tj , f p(v)(^~ - §) 2 ^ 0, 


J ip(x)c(t + s,x)dx- J p{x)c(t,x)dx = j J b -V x if- J J - 

/■‘H 

+- 1 / 


in 

OxR 3 z z 


Taking difference quotient, we obtain 

£ f^<p( x )dt c (t, x )dx = ^ J^b(t)-V x ip-^ J (iy- - ^)s/jj.<pf{t) 

■J JJf2xR 3 z z z z ■J Jf2 

Note that <9 t (/? c in (12.3.1911 is the solution of —Ad t (p c = d t c(t), d t p c \do. = 0. 

The boundary terms vanish because of the Dirichlet boundary condition on d t ip c ■ We follow 
the same procedure of estimates V^A ~ 1 d t a and V^A ~ 1 d t b to have 


< 


< 


e||V^A 1 d t c{t)\\l = e f \V x d t iPc{x)\ 2 dx = e [ d t p c (x)d t c(t, x)dx 
Jn Jn 


d^HV^^II 2 + ll^clll} + ^||6(t)lli + 4^311(1 



2 

2 


8 i?e||V x ci t (/ 5 c ||2 + 4^||6(t)||2 + ^3 II (I 



2 

25 
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where we have used the Poincare inequality. Finally we have, for all t > 0, 

||V x A- 1 5 t c(i)|| 2 < £ - 1 {||6(i)||2 + ||-|=|| 2 }+e- 2 ||(I-P)/(t)|| 2 . 

\jv 


(3.3.8) 


Step f. Estimate of a,b,c contributions in (13.3.511 . To estimate c contribution in (13.3.51) . we plug 
(12.3.191) into (13.3.51) to have from (12.3.301) 

f ff (M 2 - faViy/OdtduPtf 
J 0 JJ fixR 3 

= Y' [ [[ (M 2 - P c )viVjH(v)dtdi(p c bj + [ [[ (M 2 - p c )vi^Jldtd^ c {l - P)/. 

7 = 1 " n xR 3 Jo i/SIxR 3 


The second line has non-zero contribution only for j = i which leads to zero by the definition of 
f$ c in (12.3.321) . We thus have from (13.3.81) . for e small, 

£ f [[ (M 2 “ Pc)viy/jidtdi<p c f 

Jo JJ Oxl 3 

ef" {e-'lWbh + II + £ - 2 ||(I ~ P)/|| 2 }||(I - P)/|| 2 

/\||6|| 2 + e- 1 ||(I-P)/|| 2 + ||^=|| 2 . 

Jo 

Combining with (12.3.171) . we conclude, for rj small, 

£ l|c(s)|| 2 ds < G(t) - G( 0 ) + J* {e- 2 \\(I - P)/(s)|| 2 + ||-^|| 2 + |(1 - P,)f(s) | 2 , + 

+k(s)l 2 + v\\K s )\\l + £ 2 II $ IIoo [ll°( s )ll 2 + \\b(s)\\l] jds. 


< 


< 


To estimate b in (13.3.51) . by (I2.3.30[l . we plug (12. 3. 461) into (13.3.51) to get: 

L II~ = I II- ^}c+ (v* - f3 b )y/JId t d j ipi(l-'P)f, 

where we have used (12.3.571) to remove the a contribution. We thus have from (13.3.71) . 

f [f ( v i ~ MVpd t djip J b f 

Jo JJi 2xR 3 

< £ {||a || 2 + ||c || 2 + ||(I - P)/|| 2 + ||-^|| 2 }{||c|| 2 + ||(I - P)/|| 2 } 

< ^{||(I-P)/||i+||c||i + ||-^||l+ £ ||a|| 2 }. 

Next we plug (12.3.631) into (13. 3. 51) and from (13.3.71) . 

ef [ | vfviVjy/Jidtdjiplf = e f [ \v\ 2 v i v jy /jidtd j <pl(I-I , )f 

Jo J Qxl 3 Jo JQxR 3 

<e f{e~\ ||a || 2 + ||c || 2 + ||-J=|| 2 ) + £ - 2 ||(I - P)/|| 2 }||(I - P)/|| 2 
Jo V v 

zf { e_1 ||(! - P)/H 2 + ll^ll 2 +v[\\a\\i + Ml]}. 


(3.3.9) 
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Combining this with (12.3.441) . we conclude from (13. 3. 51) that 

/V(s)ll 2 ds<G(t)-G( 0 ) 

Jo 

+ j* { £ - 2 ||(I - P)/(s)|| 2 + ||-^||i + |(i - P 7 )/( S )|1 I+ (3 - 3 - 10) 

+ k(s)li +e 2 H $ lloo(||a ||2 + ||c|||) + v\\a\\l + l|c||l(l + r 7 )}ds. 

Finally in order to estimate a contribution in (13.3.51) we plug (12.3.671) for into (13.3.51) . We estimate 

£ [ f (M 2 - Pa)ViHd t di(Paf 
Jo ifixl 3 

f [ (M 2 - Pa)(.Vi) 2 ndtdi<p a bi + £ [ [ (\v\ 2 - /3 a )vindtdiip a (l ~ P)/ 

Jo ifixl 3 Jo j OxR 3 

: A- 1 {|| 6 Wll 2 ,n + |r| 2 }{|| 6||2 + ||(I-P)/|| 2 }. 

Jo 


= £ 


< £ 


Combining this with (12.3.65|) . we conclude 


£ l|a(s)llids < G(t) G( 0) + J* {e~ 2 \\(l - P)f(s)\\l + |(1 - P 7 )/(s) || + 


+ II ~t=(' s ) 111 + |t(s)| 2 + H&H 2 + £ 2 II < p||oo||p/||1 

\JV 


jds. 


(3.3.11) 


From (13. 3. 91) . (13.3.101) and (13.3.111) . we prove the lemma for e sufficiently small, by choosing 
small. 

Now we are ready to prove the main result of this section: 

Proof of Proposition \3.8[ Define the approximating sequence with /° = /o, (with v = v — 

• v): 

d t f i+1 + £~ 1 v ■ \7 x f +1 + £ <h • V v f +1 + l*. f +l - 1 Kf = e~ x g, f n+1 | t=0 = f 0 , (3.3.12) 

and/l +1 = (l-|)P 7 /^ + r. 

Step 1. Fix j, f e —> fJ as l —> 00 . Notice that, 

\(Kfj e+x )\ < [[ |k(u, u)| 1 /, 2 |/^(u)||k(t;, u)\ 1 ^ 2 \f t ' + 1 {v)\AvAu 

JJ R 3 xR 3 

< J [ imi 2 /^ (v,u)J[\f*+ x (vw I ik(«,u)i < wm+\\f +l \\i 

y j u j v y j v j u 

where we used sup u f |k(i>, w)| + sup,, f |k(a, it)| < + 00 . 

Note that, since f r^/Ji = 0, we have 

|(1 - ^P.f + r| 2 ,_ = |(1 - £ ,)P,f\l- + |r| 2 . 

By Green’s identity (13. 3. 51) with f t+1 in (13.3. 121) . 


(3.3.13) 


\\f e+1 mi+e- 2 A |/-|| 2 + £- 1 f\f 

Jo Jo 


e+i\2 

2 ,+ 


< £ 


< £ 


( i --) 2 


J J Jo 


( i --) 2 


IP.fW+e- 1 { \r\ 2 + Ce- 2 [ 
Jo Jo 

iflU+e- 1 f\r\l + Ce- 2 [ 

Jo Jo 


max 

0 l<i<^+l 


i || 2 
2 


4 = 112 - 


1<«<^+1 


0 


+ / \\^\\ 2 2 + \\M\l 


□ -3 
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Set r] = (1 — j) 2 < 1. Now use this inequality to bound for e 1 \f e \ 2 _ and iterate: 

\\f e+1 ml + e-> fwf^wl+e- 1 r \f l+1 \l + 

J 0 JO 

< 1 rj J | f 1 |2,+ + e 1 M2 + 2 ^ max ||/^|| 1 + J || + II/0II2} 

+e "/ Ml + Ce ~ 1 1 dSh ll/ ‘"“ + I + 11/0II2 

= l/'- 1 ll, + + (l+rt{ E - 1 ^ Ml + °c~ 2 l ll/ili + / ll-^lll + II/0II2} 


< 





+ e 


-2 


max 

l<i<^+l 



We therefore have, from f° = f 0 , 


max 


u/k)ii 2 <™ 




max 



IIsI| 2 + II/o|| 2+ £ Ml/o||y+ i l/o|2,+ }- 


By Gronwall’s lemma, we have, for fixed t > 0, 


max 

l<i<^+l 


iirwii 


< 




{Jo ^ + Jo + + + t \fo\l+} ■ 


This in turns leads to 

1 »« 1 {ii/‘wiil + /‘ii/iil+/‘i/il, + } 

|y l r ll + J \\g\\l + II /oII1 + ^11/ollS + ^l/oli.+ j • 

Upon taking the difference, we have 

dt [f e+1 - Z*] + e~ V V* [f l+1 - f] + e$ • V„ [Z* +1 - / £ ] + £- 2 u [/ £+1 - f] = e~ 2 K[f 

with [f e+1 - f«](0) = 0 and f_ +1 - ft = (1 - f )P 7 [/ £ - Z*- 1 ]. 

Applying previous iteration to f e+1 — / £ yields 


Z /_1 ], 

(3.3.14) 


II f i+ \t) - f e (t)h + e~ 2 f ||/ f+1 ( S ) - f e (s)\\lds + e- 1 f | f +1 (s) - f e (s)\l + ds 
J 0 JQ 

< r)E~ l f \f(s)~ f l - l (s)\l, + ds + C K ( H/^(s) — / £_ 1 (s)||lds (3.3.15) 

JO Jo 

< ^{e -1 [ \f{s) - f~\s)\l + ds+ sup Wf(s) - f e ~ 1 {s)Wl\, 

^ Jo 0 <s<T > 

for TCk < V < 1- This implies that f e is Cauchy with respect to the norm 

e ' 1 [ \f{s)\l + ds+ sup 11 /^( 3 ) 111 , 

Jo 0<s<T 


in [0, T]. Repeating the arguemnt for [0,T], [T,2T\.... we deduce that for finite t , there exists a 
(unique) limit function f e —> such that 

d t p + e~\ ■ V x f j + + £~ 2 Lp = g, f(0) = /o, 


Z J V =0- - £ -)P,P + r. 


(3.3.16) 
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Step 2. Let j —> oo. Upon using Green’s identity and the boundary condition and (13.3.13D . 

wrmi+s- 2 Aki-p f t \(i-p,) f j \i + 

Jo Jo 

< e- 1 f\r\l +%e- 1 f \P 7 f |2 i+ + f IK* (I - P)gf 2 + e~ 2 f \\ Pg\\ 2 
Jo J Jo Jo Jo 

+i r [ i ^ n « ii / j ' i 2 + ii / 0 iii . 

z Jo Jnx R 3 

By the trace theorem, Lemma 12.31 

J 0 Jo Jo 

<4fml+e f \\f j \\l+e f* ff \[d t +e- 1 vV x +e^-\/ v ]ff j \+ f |(1 - P 7 )/ j |2,+ . 

Jo Jo JJnxR 3 Jo 

<4f J ml+e f t \\f\\i+ fff e l -^-\f j \ 2 +e- 2 v\(I--P)f j \ 2 + \gf j \+ |(1 - P 7 )/ J ‘|l, 

Jo Jo JJnxR 3 z Jo 

From the boundary condition in (13.3.161) . f* \f^\ 2 _ < /J |/ J H,+ + Jo l r li,+ - Finally from 

'[*[ ^\f 3 \ 2 < e ||$||oo||(I-P)/ J ‘ IlS+ell^lU /“ ||P/ J '( S )||id S , 

Jo JnxR 3 z Jo 

P If \9f 3 \ < [ t \W-Hl-P)g\\ 2 2 +e 2 fwPgWl 

Jo JJnxR 3 Jo Jo 

+o(l)[ f \\PP(s)\\ 2 2 ds + e- 2 f \\(I-P)f1(s)\\lds], 

Jo Jo 


we get 


wrmi+e - 2 f ii(i-p)/i* + /Vi 2 

Jo Jo 

<e ~ 3 f\Al+ fp-hl-PMl+e - 2 r M |+ H/OII 

Jo Jo Jo 


(3.3.17) 


WfoWl 


(3.3.18) 


Since ||P/ J (s)||| < ||/ J (s)||i: integrating (13.3.171) from 0 to t, we have 

fl!P/iI< t e " 1 f\Al+ f \\Ml + \\fo\\l 

Jo Jo Jo 'Jv 

Thus, we conclude that, for j 1 and 0<eCl, 

wnmi+e - 2 f\\p(s)\\i+ f \ f\ r n+ A-yi 

Jo Jo Jo Jo 

By taking a weak limit, we obtain a weak solution / to (13.3.2|) with the same bound (13.3.181) . 
Taking difference, we have 

dtlf - /] + e- 1 * • V x [p - /] + • V„(vW - /]) + e~ 2 L[f - /] = 0, 

[/ j - /]- = PPf j -f} + £ -PP 3 , If 3 - /]( 0 ) = 0 . 

Applying (13.3.181) with r = |P 7 / J we obtain 

ll/ J »-/Wlli + £“ 1 / t ||/ i W-/WII>+ / t |/ i W-/Wllds<t7 /Vt/- 7 ! 2 -^o- 

</0 ^0 J Jo 


We thus construct / as a f 2 solution to (13. 3. 2D . 
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Step 3. Final estimate. To conclude our proposition, let y(t) = e xt f{t). We multiply (13.3.21) by 
e xt , so that y satisfies 

d t y + £ _1 v-V x y +—£^-V v (^JIy) + e~ 2 Ly = Xy + e xt g, y| 7 _ = P 1 y+ + e xt r. (3.3.19) 
v L 

By the Green’s identity, 

\\\y{t)Wl + £~ 2 ||(i-P)y(s)|| 2 +e~A K 1 ^ > y)^(- s )I1,+ 

<A fwvWWl+Wyml+e- 1 f e Xs \r\l+ f e Xs \W~Hl-P)g\\l 
Jo Jo Jo 

+ e~ 2 r^ M i + \£ ff 

Jo z Jo J nxR 3 


£ As |4>|M|?/| 2 . 


From (|3.3.2[) we know that ff QxR3 y^fh = ff QxR3 (Ay + e xt g) x /JI = 0, f y _ e xt r^JIdj = 0. Applying 
Lemma [T9] to (13.3.191) . we deduce 

/ ll p J/(s)ll£ds < G(t) — G(0) + £ -2 f ||(I — P)y(s)|| 2 ds + f e As ||<7|||ds 
Jo Jo Jo 

+ A fmlds + e - 1 A|(l-P 7 )2/( S )ll + +e As |r|i}d S , 

Jo Jo 

where G{t) < e\\y(t)\\ 2 2 . 

Using the trace theorem and the boundary condition, as Step 2 , we obtain 


[ \P,y\l + < l|y(0)||l+ [ \\ e -^-\\t+ [ \\Py\\l + £- 2 [ \\(I-P)y\\l+ [ \(1-P,)y\ 

Jo Jo \ v Jo Jo Jo 

f\y\l- < f\y\l ,+ +/ 

Jo Jo Jo 


2 

2 ,+ ’ 


At i2 


' 12 ,+ • 

All together, for 0 < A <C 1 and 0 < e < 1, we conclude (I3.3.4[) . 

3.4. L°° Estimate. The main goal of this section is to prove the following: 
Proposition 3.10. Let f satisfies 

[edt + v-V x + £ 2 <F • V„ + £ _1 C' 0 (u)] |/| < £~ 1 K 0 \f\ + |y|, 
|/| T _| <P 7 |/| + |r|, |/|*=o| < |/o|- 

Then, for w(v) = l' u l 2 with 0 < ft' <C f3, 

||£^w/(t)||oo < ||e^w/o||oo + sup ||£^iur(s)|| 00 +£^ sup ||(u) _1 iU5(s) 

0<S<OO 0<S<OO 

+ sup ||P/(s)|| L 6 (n) +£ -1 sup ||(I-P)/(s)|| I/ 2 (nxR 3 ) , 

0<s<i 0<s<t 


□ 


(3.4.1) 


(3.4.2) 


and 


||£ 2 «j/(t)|| 00 < ||e 2 w/o||oo + sup ||e 2 iur(s) ||oo -j- £ 2 sup ||(u) 1 wg(s) 

0<S<OO 0<S<OO 

+ £ 1 Sup ||/(s)||z,2(q xR 3). 

0 <s<t 


(3.4.3) 


We define the stochastic cycles for the unsteady case. Note that from (13.1.51) . Xb(x,v) = 
Xb{x,v). 
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Definition 3.11. Define, for free variables v k £ R 3 , from \3.1.5\ ) 
ti = t — t b (x, v) = t — Et b {x, v), 

X\ = Y(ti\t,x, v) = x b (x,v) = x b (x,v) = Xi, 

t 2 = t-t b (x,v)-i b (xi,vi)=t-eth{x,v)-eth{xi,vi), 

x 2 = Y(t 2 -,h,xi,vi) = x b (xi,v 1) = x b (xi,vi) =x 2 , 


ffc+1 — Ik t b (x k ,V k ) — t k £t b {x k ,vjf), 

x k+ i = Y(i k +i-,i k ,x k ,v k ) = x b (x k ,v k ) = x b (x k ,v k ) = Xk+1- 


and 


Set 


t- 

t\ — 

£t b {x 

,v) = e(t-ti), 

t- 

^2 = 

£t b {x 

,v) +£t b (x i,Vi) = E(t — t 2 ), 

t- 

tk = 

£(t — 

t k ). 

Y d (i 

f ; t, x, v) 

■ = 

k 

W cl (s 

>;t,x,v) 

■ = 

E 1 !^. ,h)i»)W(8]i k ,x k ,v k ) 


Clearly 

t — s t — s 

[Y c i(s;t,x,v),W c i(s-,t,x,v)] = [X ci (t - - ;t,x,v),V c i(t - ;t,x,v)\. (3.4.4) 

£ £ 

The following lemma is a generalized version of Lemma 23 of m- 

Lemma 3.12 ([30j). Assume $ = <f>(x) £ C 1 . For sufficiently large Tq > 0, there exist constant 
C U C 2 > 0, independent of To, such that for k = C\T^ A , 


(t,x,»)e[0,eTo]xfixl 3 J YhZl Tte 




1 I CiT 


, 5/4 


(3.4.5) 


Proof. Since t k {eTo,x,v,vi,v 2 , ■ ■ ■ ,v k -i) = t k (t,x,v,vi,v 2 , ■ ■ ■ ,v k -i) + {eT 0 -t}, for 0 < t < eT 0 , 

^-tk(t,x,v,v ,Vk-i)>0 — ^-tk(cT 0 ,x,v,vi,V 2 ,--- ,Vk-i)>0 ~ ^-eT 0 — tk(eTo,x,v,v 1 ,v 2 ,---,Vk-i)<sT 0 - 

Note that, from Definition 13.111 for any Ti,T 2 > 0 

{Ti - t k (T 1 ,x,v,v 1 ,v 2 ,- ■ ■ ,v k ~i)} = t b (x,v) +t b (x 1 ,v 1 ) 4-h t b (x k -i,v k -i) 

= et b (x,v) + et b (xi,vi) H- \-£t b (x k _ i,Ufc_i) = e{T 2 - t k (T 2 ,x,v,v 1 ,v 2 ,-■ ■ ,u fc _i)}. 

Therefore, with T\ = eTq and T 2 = Tq, 

eT 0 > eT 0 - t k (£T 0 ,x,v,v 1 ,v 2 , - ■ ■ ,v k -i) = e{T 0 - t k (T 0 ,x,v,v 1 ,v 2 ,-- ■ ,v k -i)}, 


and 

^-ET 0 — tk(eTo,x,v,v 1 ,V2,---,Vk-i)<ET 0 ^-T 0 — tk(T 0 ,x,v,vi,v 2 ,---,l>k-i)<T 0 ^-tk(T 0 ,x,v,v 1 ,v 2 ,--- ,Vk-i)>0' 

Hence, 


< 


This proves (13. 4. 511 . 


sup 

(x,u)Sf2xR 3 JWZi "t'j 


/ k 1 ^-tk(t,x,v,vi,v 2 ,---,Vk~i)> 0 ^-j=l < ^ fJ j 

/ u , ltfc(To,j,o,t)i,»2,-,^-i)>on 3 '=id(Tj. 


sup 

(Ucc.^ielO.eTolxnxR 3 % 


□ 
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Now we are ready to prove the main result of this section: 


Proof of Provosition \3. TO l Define, for w(v) and h as (12.2.81 . 
Then, from (13.4.11) . 


\d t +£ x v ■ V x + £<f> • V„ + e 2 C 0 (v) + £ ^ ^ vW ]\e*h\ 
L w 

<£~ 2 / \is(v,u)\e^h(u)\du + e~^\wg\. 

J R 3 


(3.4.6) 


We have the boundary condition as (12.2.101) . 

Step 1. We claim, for t G \ueTq, (n + 1 )sTg\ with all n G N and To in Lemma T3.121 


| e 2 h(t, x, u)| 

< CT 0 5/2 e aL_ ^ S “||e5/ l (neTo)|| 00 + Cr 0 £* sup ||w(s)||oo + C To Tq ,2 £? ||(u) _1 u;g(s) 

0 <s<t 

+ CTq /2 sup ||P/(a)||i. (n) 

neTo<s<(n+l)eTo 

+ CTq /2 £~ 1 sup ||(I-P)/(s)||L2 (nxR 3) 

neTo<s<(n+l)eTo 

+ [C' t o /4 {^} C2T ° / + o( 1)CT 0 5/2 ] sup He^Wlloo, 


nsTo<s<(n-\-l)eTo 


(3.4.7) 


and 


|e 2 h(t, x, u)| 

< CT^ /2 e- C ° (t T TQ) \\£ih(neT 0 )\\ c 


+ £2 sup ||w(s)|| 0O + CT 0 5/2 £ 2 11 (h) 1 wg(s) 

0<s<£ 


+ CTg /2 - 


sup ll/(s)IU 2 (nxR 3 ) 

£ neTo<s<(n+l)eTo 


(3.4.8) 


+ [CT 0 5/4 {i} C2To/ + o(l)CTg /2 ] 


sup ||£ 2 /i(s)|| 00 . 

neTo<s<(n-\-l)eTo 


We first prove (13.4.7[) . From (13.4.61) . for t\ (t. x, v) < s < t, 


d r _ r‘ £o , 


e Is 7 t( v (* e < t ’ x ' v '>'> dT e^h e+1 (s,X c i(t — - — -;t,x,v),V c i(t — - — ~-,t,x,v)) 
as L e e 


< e 


J s -£( v (t e ;t,x,v))dr]_ I k s(v c \(t-- — -;t,x,v),v')\e^h(s,X c i(t - - — -;t,x,v),v') |di/ 
£ 2 J R 3 £ £ 


+e L y£W(‘ e ■,t,x,v))dr £ 2 1 wg(s,X cX (t-- — -]t,x,v),V c i(t-- — -;t,x,v))\. 

£ £ 


t — S 
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Along the stochastic cycles, for k = CiTq^ 4 , we deduce the following estimate: 
\e? h e+ 1 (t,x,v)\ 


E l{ti(i,x,u)<0} e 


' dT |£2// +1 (0, x c \(t - -;t,x,v), Vd(t - -;f,x,u))|(3.4.9) 
£ £ 


L 


ds 


o-n 


-dr 


max {0,ti(t,x,v)} 
X 


f d v' ks(Vci(t - -— -;t,x, v),v')\£^h e (s,X c i(t - -— -;t,x,v),v) I (3.4.10) 

J R3 £ £ 


L 


ds 


_ f t C 0 (V cl (t-^-,t,x,v)) 
o J s e 2 


dr 


max {0,Zi (t,x,v)} 
2 - 


a £ _ g £ — g 

X£ 2 £~^\wg{s, X c i(t - ; t, x, v), V ci (t -; t, x, u))| 

£ £ 


(3.4.11) 


1 {ti(t,x,«)>o} e fil(t ' x ' v) 


-dr A 


£ 2 \wr(ti(t,x,v),xi(x,v),vi(x,v))\ (3.4.12) 


+ 1 


r t c 0 (v cI (t-l=z. ; t,x,«)) 

e ~h - if - dr 


{t i (Z;,tc,i>)>0} " 

where H is given by 
k-l 


w{v i) 


r 

Jn k -} 


H , 


T-r/C- 1 ^ 

LL j =1 '3 


1 ti+i<0<t i | eaft(0,Xci(f z - V c \(ti - 


l=i 


xn: 


Z-l 
m= 1 




i5(Vd(Wi - 


-dEi(O) (3.4.13) 


^1 /*h 

E/ 


;_1 Jmax{0,i, + i} 


tl~T 


drl ti>o3 / k s(Ki(i;- —-,ti,xi,vi),u) 


£ J R3 


x|£2/ l ( Tj X c i(t i - ---;t i ,X;,U;),M)|n^ 1 

£ 


Vj(v m ) 


w{Vci(t m+1 - u m )) 


-ditdEj(r) (3.4.14) 


^1 /*h 

E/ 


z-i 

>0 J " L m=l" 




w{v m ) 


~1 J max{0,t, +1 } ' w(V c l(t m+1 - - 2 j tl ;f TO )) 

X£ _ ^|n;g(T, A c i(t; - tl T ;ti,Xi,vi), V c \(ti - tl T ; f;, u;)) |dE;(r)dr (3.4.15) 

tI- 1 ®(»m) 

1=1 + 


fc-1 


d~ ^tfc>ol £2 hftki Xk, Vk— i)|II m _i 


w(V c \(im + i - ^Y^-,v m )) 

w(v m ) 


dE;(t;+i) 


(3.4.16) 


w(V c i(t 


m+1 


" 5 ) ) 


"dXl/c—i {tk) i 


(3.4.17) 


where w(V c i(t m+1 - 
s = tk of 


i)) = w(Vci(Wi - and d£ fe _i(t fe ) is evaluated at 


k-l 

dS i(s) := { 11 dcr ; }{ 

j=i+i 


rt, c o( v el( t l - : U ■ X 1 '•";)) 

e A (-uz) dcrz} 


3 rb 3 ~e '*3 ,x j ,v j^ 


(3.4.18) 


m 


- r 

e V+ 1 


dr 


do-j}- 
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We note that 


\V c i(t m — 


L m -\-1 




, ljji , ^rni u rn 


) Vm | ^ 


l "m +1 


tn 


■e 2 m\oo <eT 0 , 


Hence for £Tq < 1, we have 


_ <>'(<'»>) _ < 1 

^(hcl (^m+1 ^ ^m)) 

5/4 

From our choice k = C\T 0 , 

Q33) + M < CiT 0 5/4 e - ^||e*fto||oo, < Cil$ /A e sup 

0 <s<t 


(3.4.19) 


||e^r(s)||oo, 


and 


(lgXTTD + (15XT5D 

< £ 2 £“5 sup ||(u)w;g(s)|| x 

0<s<t 


{Vd (t- *-^-;t,x,v)) _ ft C Q (Vd^-^iM,.)) ^ 

-—-p 

r 2 


ds 


+CiT 0 5/4 sup 


! Jo 


(Vcl (ti- - L - L \t U Xi,Vi)) _ rt, CoOclUV - f 

--- P J s 72 


dr 


< 


CiT 0 5/4 £2 sup ||(u}u>c/(s)|| x f ^-e ^ 
o <s<t 00 Jo ds 


-dr 


ds 


< C\Tq ^£2 sup [|(u)u; 5 (s)| 


0<s<t 


where we have used the fact that d aj is a probability measure of ”Vj. 

Now we focus on (13.4. 101) and (13.4.141) . For IV > 1, we can choose m = m(N) 3> 1 and define 
k m (u,it) as (12. 2. 231) . We split k^(w,u) = [k g(v,u) — k m (w,u)] + k m (v,u), and the first difference 
would lead to a small contribution in (13.4.101) and (13.4.141) as, for N 3>t 0 1, 


4 sup MftWIloo 

iV 0<s<t 


CiT 0 5/4 

N 


SUp ||£2/t(s)||oo. 

0<s<t 


We further split the time integrations in (13.4.1 Of) and (|3.4.14p as [ti~ ke 1 , ti\ and [max{0, ?z+i}, ?/— 


KS 


rt nt—K £ 2 r 1 , rtl ptl~K ,£ 2 

mm= + . , mm = i {h > 0} kl E{ L + . }• 

Jt—K£ 2 ^/max{0,ti} i ^ Jti~K £ 2 J max{0,tj+i} J 


The first small-in-time contributions of both (13.4.101) and (13.4.141) . underbraced terms, are bounded 
by 


K£ 2 —sup / k m (v,v')dv' sup ||£2 /i(s)||oo < K SUp ||£>/l(s)|| 0o , 

£ v J\v'\<N 0 <s<t 0 <s<t 

C'lT 0 >/4 K£ 2 4. sup f k m (v,v')dv' sup ||£^ft,(s) ||oo < kCiT 0 5/4 sup ||£^ /i(s) lloo, 

e V J\v'\<N 0 <s<t 0 <s<t 

which would be small contribution if n <Ct 0 1- 
For (13.4.17|) , by Lemma 13.121 


(13.4.171) 


< 


sup ||£ 2 h(s)||c 

0 <s<t 


sup 

(t,x,v)€ [0,e:To] xQxR 3 


r 

J nU 


% 


^-tk(t,x,v,v 1 ,V 2 ,--- ,«fc_i)>obfj=l dcTj 
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Then, by Lemma T3. 121 


<13.4.1711 

< {1 + 0(£)} CiT « / sup ||£5/l(s)|| 00 sup / lt fc (To,®,i;,t( 1 ,ti 2 ,-,t(fc_ 1 )>On^Zid(Jj 

0 <s<t (i,»)gf!xt 3 J n 3 fe = i "Vj 

r 41 c 2 t 0 5/4 j 

< {7} sup ||£2/l(s)|| 00 . 

0 <s<t 


Overall, for (£,x, v) G [0, cTq] xf]x 


-}h(t,x,v )I < f 

J IT 


t — K£ Z 

max {0,ti (x,v)} 
c 

e“7 


ds 


e — yrl 4-s ) 


r j i — s 

/ di/|£ 5 /i(s,X c i(f-; t, x, v), i/)| 

«/|'i/|<ra y c y 


ZT (^ — ^l) 




it; 


(u) 


1 pt£ — K£ 2 

V / 


fc l ^ / r - ‘(>0,2 


'II*_1>5 ^=1 4max{0,t^ + i} 

tl~T 


x / |£ 2 /i(t,X c i(^ - ——du"dSf(r)dT 

./ |u"|<m v ^ j 

V 

+ C'T 0 5/4 {e _ ^ t e5||/j 0 ||oo +£^ sup ||iur-(s)|| 00 + £ - ^ sup ||(u}w 5 (s)|| 00 ) 


(3.4.20) 


< ^ j,5/4 

+ o(l)CT 0 5/4 sup ||£5/l(s)||oo + {-} 0 sup ||£5/l(s)|| 

0<s<£ 


5- 1 o<s<t 


Note that the similar estimate holds for the underbraced terms in (13.4.201) . We plug these 
estimates into the underbraced terms of (13.4.201) to conclude 

\e^h e+1 (t,x,v)\ < Ii + I 2 + I 3 ■ 


Here, using w(u) < m 1 for |u| < m, 


r>t—K£ 

II <m / ds 

J IT 


e -^r^~ s ) 


max {O.ti} 


/ dv ' I 

J \v , \<m J rr 


Cq(s-s') 


ds'- 


I v'\<m «/max{0,£^} 


i 


d u 


\u\<.m 


L 


t—K£ Z 
max {0,^i} 


1 1 S — S t — S 

x £j/i(s',l cl (s - --; s,X ci (t - ;t,x, v), v'), u ) 

1 £ £ 

e - 7 $-( t-s ) r g _ ^( s_ *i) 


L 


k—1 K£ 2 


vf 


n^l 1 ^' <?'=! 4max{0,t' /+1 } 


^ ^ ____ ^ _ j- ^ 

lj' ( >0 ^ | £ 5 /i(r, X c \ (t' e , --—; t ' £l , x\, ,v' e ,),u) | dud£<>/ (r)dr, 


t’of — T 
£ 


where 


~ ~ t — s 

t'e> ■■= U>{s,X c i(t - - - ;t,x,v),v), 

£ 

t — s t — s 

x\, := xe'(X c i(t - ;t,x,v),v'), v\, := V(>(X cl (t - ;t,x,v),v'). 

£ £ 
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Moreover 


I2 S.m. 1 


{ti>0}— kl J2 . dE ^ r ) dr ^>0 72 / dv " 

W V V ) j £—1 *^ max {0)^+i} ^ 

fT-KE 2 — -%(r— s") /• 

/ ds" -j- / dit |£^/i(s",X c i(r - 

./maxICKtVl ^ «/|u|<ra 


pi^ — KE 2, 


~ Tr( i— *l) 


+ 1 


e e- 


^ I 

|u| <ra 

pt^—KE z 


£ S ;T,X c i(te - — ;te,xe,ve),v"),u) 


{ti>0}‘ 


w(y) 


r ™^ rZfL—KE 1 r> 

y nfc _ v Ey d^(r)drl ie>0 - 

JU.. =1 Tj »_■> J max{0,^+i} c «/|i 


dtr 




X 1 




fc -i /■*"„-ke 2 


*! -° w(v") J n j-i f max{0 j„ i+ j 

77 / - r" 


t"„ >0 £ 2 


f \e^h(r", X c \(t"„ - ———; t "„, x"„, v"y ,), w) |dudS",, (r")dr", 

*/|n|<m ^ 


where 

t"„ := ^(r,X c i(t£- —— -]t£,X£,vt),v"), 

£ 

x"„ := x^//(X c i(^-^- -•,t£,X£,V£),v''),V£„ := V£"(X c \(t£-— - -\t£,X£,V£),v"). 

£ £ 

Furthermore 

I3 < CT 0 5 / 2 {e _ 7 T t || e 5 / l0 || oo + £ t sup ||rer(s)||oo + sup ||(z;)«;g(s)||oo) 

^ 0 <s<t nCvCt > 


0 <s<t 


1 ^ 

+o(1)CTq /2 sup ||£H(s)||oo +T’ 0 5/4 [-| ° sup ||£^/l(s)|| 00 . 

OC.sCf ^ J 0<s<t. 


This bound of I 3 is already included in the RHS of (13.4.7[) and (13.4.811 . 
Now we focus on Ii and I 2 . Consider the change of variables 

t' -r 

v'e> ^ X c i(t' e , - X— — ■t' v ,x' t ,,v' l ,). 


For 0 < t' t , < t — K£ 2 < t < eT 0 , 


dXjfo - ^;4) 


u 7 , 


l A t 'L 


dr' j dr"£ 2 ^a m $ i (X(T";4))^^(T ,, ;4) 


+0( l ) ||$|| cl£ 2 ( ^ ) 3 e C^ 
£ £ 


t' e , - T 


^■+0(l)||$|| cl£ 2 T 2 e' 


2rp2 C<s>Tq 


and therefore 


det V„« X cl (i' e , - t jL-^ ; t' e „x' e ,,v , e ,) = ( ^ £ + T ) 3 det (<% + O(l)||$|| C i£ 2 T 0 2 e c * T °) > k 3 e 3 . 

We have similar change of variables for v"„ i-A X c \{t”„ — /, " s . r ; t , x"„ , u"„), v' i-A A' c i(s — 
^-;s,X cI (t - ^;t,x,v),v'), and v" >-)■ A c i(r - ^^-;t,X c i(te - ^=^;ti,x e ,v e ),v"). 


Hence, 


I 1 +I 2 < Tq 2 - sup ||/(s)||i2( nxR 3), 

£ 0 <s<t 
































58 


R. ESPOSITO, Y. GUO, C. KIM, AND R. MARRA 


where we applied the above change of variables as 


[ [ T " z " 

JM 3 J ^ 


< 


1/2 


|it|<r 

{| u | <m} x R 3 I y ci (t ^ ; t"„, a", | <m 

f [ \f (r", X cl (t", - ~ T " ; t",, a;",, ), u ) 1 2 dudt$, 

y u '', Ju e 


■ t" t" 1," 

, t£// , «X/^// 5 (//// 


-I 1/2 


< 


e 
1/2 


r r , , ,o 1 11/2 

y n yJ/( T ^ll/(^")IU 2 (nxR3), 


where we have used 1 


IVclffi',,— 




.1 1 1 v''u | < 2 m and 


14"I — 1 ^ 1 ( 4 " — ———-+ e 2 ||<f , || 00 ———-- < ?n + £ 2 || < f > || 00 To < 2 to. 

Moreover 

I 1+ I 2 <T 0 5/2 sup ||P/( s )|| i6(n) + + T 0 5/2 - sup ||(I-P)/(s)|| i2( oxR3), 

0<s<t £ 0 <s<t 

where we have used the above change of variables for P/ as 


< 


< 


f I |P/(t", X c \(t"„ -—- ;t"„,x"„,v"„))'ip(u)\dudv", l 

v e„ •' u £ 

f f lr>r/_// v (Xu Zn «ul 2 j // 1 1/2 

/ / FJ v >^ci(V --> tf "j x i "> dn^/z 

Jv'^u Ju £ 


1 11/6 


l P /(-"^)l 7373^ 


< 


1 


Tl|Si/(/ , )llL«(n ) . 


£2 


All together we prove our claims (13. d. 711 and (13.4.81) . 
Step 2. Applying (13.4.71) successively, 


||e 2/i(n£T 0 ) ||oo 

< CT 0 5/2 e Y Jl ||£2/ i ((n — l)eT 0 )||oo + sup D(s ) 


< 


Cl^V 2 ^ 


(n— l)eTb<s<neTb 
1 


SjeToJIU + XZ [ OT c 


5/2 Cq t o 

o e £ 


i=o 


sup D(s) 

J (n—2)eTo<s<n£To 


< 


n—i 

raS'V 5 ?] Vm~ + E \ CT % 2 e 


CqTq 


3=0 


sup D(s), 

0<s<neTo 


where 


D(s) := ||£^r(s)||oc +CT^ /2 \\(v}- 1 siwg(s)\\ 00 + CT^ 2 \\Pf(s)\\ Le{n) 

+CT 0 5/2 i||(I - P)/( S )|U2 (nxM 3) + [CT 0 5/4 {i} C2T ° + o(l)CTg /4 ] ||eH(s)|| 00 . 


Clearly £), 


CT^e-^ 


< oo. 


), u) | drtd4" 
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Combining the above estimate with (13.4.71) . for t £ [neT 0 , (n + l)cT 0 ], and absorbing the last 
term, 


CT 0 5/ V Co(t X To> £ \ci$ /2 e- Ss P L ] J [CT 0 5/4 { \\ C2T ° + O (l)CT 0 5/4 ] sup || e?h( 

z — L J l Z J n < s <t 


3=0 


0 <s<t 


< 


T, 


5/2 


1 - CT 0 5/2 e—, 


1 C2T 5 /^ 

c^-[C t q / 4 \-\ ° +o(l)CT^-} x sup ||eH(s)||oo < o(l) x sup ||eH(s)|| 00 , 

—z— ^ ^ > o<s<t. n<*<* 


< 1 , 


0<s<t 0<s<£ 

where we used 

T 0 5/2 [CT 0 5/4 {i} C2V + o(1)CTq /2 ] 
to conclude (13.4.21) . Similarly we can prove (13.4.31) . 

3.5. L 6 estimate. 

Proposition 3.13. Let f satisfy the assumptions of Provosition [378[ Then 


□ 


sup ||e A8 P/|U. <\\\fo\\ 2 +e- 1 \\(I-P)fo\\„ + e-^\\(l-P^f 0 \\ 2tJ 

0 <s<t 

+&x(t)* + (A + £)<&(*)* + ||e At r|| Lri2(7) + Hete^M-WlUc.^^) + 
+ £ i||e A ‘(u)- 1 ^|| ir _+A £ i||e A ‘(t;)- 1 u;/|| ir _+ e S||e At (u)- 1 u;/ t || Lr _. 


Proof. By moving ed t f on the right hand side of (13.3.21) . we can use (12.3.851) to obtain, for any 
t > 0 

H PeA 7lUs,„ < - p )e A 7L + |e At (l - P 7 )/| L 2 (7) + |e At r| L 2 (7) + \e^e xt {v)~ 1 wr\ L ^ {l) 

+ ||e At z/“5 [A/ +9~ eft] \\l% v + ^ l|e At (u} _1 w[A/ + g - eft] ||l« • (3.5.1) 

Since 

sup e - 2 ||(I - P)e As /|| 2 < e- 2 ||(I - P)/ 0 || 2 + 2 e -2 f ds || (I - P)e As /IUII(I - P)e Xs ft\\, 

se[o,t] Jo 

< e - 2 ||(I-P)/ 0 || 2 +^(t), (3.5.2) 


and, similarly 

sup £- 1 ||e A ‘(l-P 7 )/||! i7 < £- 1 ||(l-P 7 )/ 0 || 2 , 7 + 2 £- 1 f* ds||e As (l—P 7 )/|| 2 , 7 ||(I—P)e As (l—P 7 )/t|| 2 ^ 
se\o,t] Jo 


< £ - 1 |(l-P 7 )/o| 2 , 7 + ^A(i), (3.5.3) 


the first two terms in the right hand side of (13.5.11) are bounded by 

e_1 |l(I - P)/o|U + e“ 1/2 |(l - P 7 )/o| 2 , 7 + 

The third and fourth terms in the right hand side of (13.5.11) are bounded by 

|e A V|z, rL 2 (7) +eh xt {v)- 1 wr\ L? > L ~> h) . 

We have 

||e A V-s [A/ + g - ef t ]f Llxv < A||/ 0 || 2 + (A + e )9{t) + \\e xt ^g\\ 2 L ^ 

and 

£ #||e At ( W >- 1 ^[A/+^- £ / t ]|Uoo ;i „ < eSA||e At <^>- 1 ^/|| i oo : ,„+£S||e At ( V )- 1 «;/ t || i? o c „+ e i||e A 7^>- 1 ^|U ? 
Collecting the bounds we conclude the proof. □ 
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Corollary 3.14. For A and e sufficiently small we have 


sup ||e As P /|| i 6 < 

0 <s<t 

AH/ 0 II 2 + Ae||e-i w/ollc^ +£ 2 \\e^wf t (0)||oo + e _1 ||(I — P)/ 0 ||„ +£~^ ||(1 - P 7 )/o|| 2 , 7 
+V @\(t) + (A + 2 e)yj S\(t) + ||e At r||z,~ L 2 ( 7 ) + \\e^e xt {v) 1 wr\\ L ^ L ^,^- ) 

+\\e xt v~^ g\\ LTLlv +£%\\e Xt (v)- 1 wg\\ 2 L oo :i:v + sup ||e^wr t (s)|| 00 + e 5 ||(u)- 1 u; ff t(s)|| 00 . 

’ ’ 0 <S<CXD 

Proof. We use (13.4.21) to bound 

\eHe Xt {v)~ l wf\\* <A £ || e W 0 || 00 H - As sup ||s 2 u?r(s) ||oo + Ass 2 sup ||(u) ^‘l^5 , (s)||co 

,x,v 0<s<oo 0<s<oo 

+ As sup ||P/(s)|| L 6 (q) + Ass -1 sup ||(I-P)/(5)|| L 2 (fixR 3 ) (3.5.4) 

0<s<t 0<s<£ 

and (13. 5. 2D to bound the last term with yj3>\(t). Moreover, we use (13. 4. 3D written for f t to bound 
e^\\e xt {v)~ 1 wf t \\L^ xv < e 2 ||e^/t(0)||oo+e 2 sup ||eW t (s)||L» u + e 2 e^ ||(u) _1 wg t (s)|| 00 

0<s<oo 


+ e ll e /ill L2°LI„1 (3.5.5) 


and we bound the last term with EyJS\{t). Combining previous estimates we conclude the proof. 

□ 

3.6. Estimates of the Collision Operators. 

Lemma 3.15. Given f and g in L 2 , assume that, for t > 0 

M/)l < s i// x) + S 2 f(t, x ) + S 3 // x ), \ai(g)\ < Si g(t, x) + S 2 g{t, x) + S 3 g(t, x), 

where S if, S ig > 0 and at(f) are defined as [ao, ai, a 2 , 03 , 04 ] = [a, 61 , b 2 , b 3 , c] in M. 2. 1 (A) . 

Then 


lk^r ± (/, 5 )|| i? _ 

+ ||PslU t -La||S 1 /|| i?i 3 +£ 1/4 [£ 1/2 ||/|oo] 1/2 ||P/li / i i aj£- 1/2 ||S 2 /|| L?L ^] 

+ ei [e* \\wf\\ L ~ , J[s- 1 \\v-t (I - P)«?|| iU J 

and 

\W-*r±(f, g)\\ L i 

< ^[£^|/ 5 || 00 ]{[£- 1 ||e A ‘S 3 /|| i 2 x J + [e-'Wil - P)f\\ Ll J} + UPfflUr^JISr/IU^s 

+ £ 1 / 4 [£ 1 / 2 ||e At ff || 00 ] 1 / 2 ||e At P ff ||^ i6 [£- 1 / 2 ||e At S 2 /|| ¥ ] 

+ [£-l(I-P)/U ri 2 i J 1 / 3 [£^|/ 5 ||^]||P/|| i?i 3 v 

/ _ 5r±(/,5)|| L 2 


(3.6.1) 


(3.6.2) 


and 


<eM^II^IUir.,J{[®" 1 lk" 4 (I-P)/llL?,.,J +e " 1 l|e At S 3 /IU? i . 1 «} 

+ /^[/^llwffllool^UPffll^ 2 8 [£“ 1/2 ||S 2 /|| 




+ {l|P5lU r La+[ e 1 / 2 |/ff||o O ] 2 / 3 [/^b](oo)+£- 1 ||(I-P) 5 | t= 0 |U] 1 / 3 }||S 1 /|| i 2 i 3. 


(3.6.3) 
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Proof. First we prove (13.6.11) . We decompose 


\f(t,x,v)\ < |P/(£,a;,t;)| + |(I — P)/(£,X,u)|, 


(3.6.4) 


and \g(t, x, u)| in the same way. We use the same decomposition of (12.4.211 replacing the L ^ v norm 
with Lj x v norm. 

The first two terms of the RHS of (12.4.21) is bounded by 


4 w 9\\l^JW 1 / 2 r±(e 1 |(I — P)/l) w + £\\wf\\ L ~Jv 1 / 2 r±(e 1 |(I — P)fl , |i x )| \li„' V 

,.][er- 1 ||^-i(i - P)/|| i f,., w H-^[e i ll^/IUsr»,J[® _1 ll^- i (i - P)»llz,?,.„]- 

To bound the last term of (12.4.21) we note that 


ip/i<^v^[E s */ • 

2=1 

From ||i/ _1 / 2 r (g 0+ , ^°+)|| iS < oo, we get, for any 1 < p < oo 

\\iy- 1/2 T ± (\S t f\iy 2 ^JI,\Pg \)\\ L 2 x v < \\S, f\\Pg\\ L , ||^ . 

We estimate ||S,;/||Pg|| L p|| 2 for i = 1,2,3: 

U -‘-'t, x 

l|Si/||P5|Ua|| L|x < ||||S 1 /|| i 3||P.g|Ua ] J| i? < IlSr/IU^allPalUo.^, 

||S 2 /||P.g|Ua|| i2 < ||||S 2 /|| u\\Pg\\L?LlW L , < l|S 2 /|l 2 a||Pff|| i? .L»LS 

t,x L x t L^L X 

||S 3 /||P<7||L-|| iU < HSa/H^JIfflloo. 

By collecting the estimates we obtain the estimate (13. 6. ID . 

Now we prove (13. 6. 2D . All the estimates are same as (13.6. ID except 

||u- 1/2 r ± (|P/|,|(I-P)g|)|| i? ^. 

By Holder inequality, 

MM < I|P/IIl?L 3 J|u-5(I-P)g|| iri a^ 

< ||P/||L ? L3 i J^||5||oo] 2/3 [ e - 1 ||u^(I-P)g|U ri ,J 1 / 3 . 

The proof of (13. 6. 3D is same as the proof of (13. 6. ID except (13.6.6D . By (13.6.5D . 

MM ll s i/llL?L3||u-5(I-P)g|| iri a i) + [e~^||S 2 /|| «][e* || wfflloo] 

■L J t ^ X 

+^[ £ - 1 ||S 3 /|| L? ^J[^||g|| 00 ] 

< l|Sl/|| L?i 3[ £ - 1 ||u-ni-P)<?||L r L3j 1/3 [^||<?||oo] 2/3 

+ [ £ -^||S 2 /|| i? ^][^||u;g|| 00 ] +ei[e- 1 \\S 3 f\\ Ll J[^|M|oo]. 

Using (13. 5. 2D . we deduce 

(W 1 ||i/-3(I - P)g \\ LrL 2 v < e- 1 ||u"5(I - P)g 0 |Ui,„ + \^%\g}(oo). 

By collecting the terms we prove (13. 6. 3D . 


(3.6.5) 


(3.6.6) 


□ 


In order to estimate r(/, dtg) we will need the following commutation property: 
Lemma 3.16. For t > 0, the 

dt( Si/) < S 1 (d t f), dt(S 2 f) < S 2 (d t f). 


(3.6.7) 
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Proof. From the definition of S if(t,x) in (13. 2. ID . 

d t [S 1 f(t,x)] = 2 f sgn x , v))d t fs(t, x, v)v 2 \Jn(v)dv. 

Jr 3 

From the definition of f$ in (13.2.4|) . for t > 0 
9 t fs(t,x,v) | t >o 

= [1 ~ x C 1 ^ V )x(^^)M%l){lte[0,oo)di/fo x, v ) + lte(-oo,0]X'(i)fo(x, u)} | t > 0 

= [1 ~ x( n{X l V )x{^^)]x(S\v\)lt&[o,oo)dtf(t,x,v) 

= [1 ~ x ( V )x(^y^)]x(<^kl){ltg[ 0 ,oo )dtf(t, x , v) + l t £(-oo,o]X(t)dtfo(x,v)}\ t > 0 
= [dtf]s(t,x,v)\ t > 0 . 

Therefore, for t > 0, 

d t [Sif{t,x)} < 2 / \d t f s (t,x,v)\v 2 ^n(v)dv < 2 f \[d t f] s (t,x,v)\v 2 ^/^(v)dv 

J R3 Jr. 3 

= Si d t f(t,x). 

Similarly we show the second inequality. □ 


3.7. Global-in-Time Validity. 


Proof of Theorem \1.3\ For the construction of the solution and the energy estimate, we con¬ 
sider f l (t,x,v) solving, for £ £ N, 


d t [e xt f e+1 ] + £ _1 u • V x [e xt f e+1 ] + • V v [e xt f e+1 ] + e~ 2 L[e xt f e+1 ] 

= He xt f e+1 ] + £~ 1 L fw+fs [e xt f e ] + e~ xt e~ 1 T(e xt f e , e xt f e ) + £—^—[e xt f e+1 ] 

e xt f e+1 1 7 _ = P 7 e A ‘f +1 + ee xt £f\ e xt f e+1 | t=0 = 

Here we set f°(t,x,v) := 0. 

Clearly // := d t f e , with / tj0 = d t f( 0) solves 


(3.7.1) 


dt[e xt f^} + e~ L v ■ Vj;[e /t ] + £$ • S7 v [e M f{ +1 ] + E ~*L[e M ft +1 ] 

r 1 - Ai„— 1 m/'^At A t 


$ • V , 


= A [e xt f t e+1 ] + [e Xt ft] + (e Ai //, e At /') + r(e At / f , e A 7/)] + e-^[e A 7/ +1 ], 

i A 7t + 1 (t,*,«)l 7 - = P^ Xt f t e+1 + se xt £lfi e xt fi +1 | t=0 = djo- 

(3.7.2) 


As in the steady case, from (jl.4.241) and f n . v ^ 0 M w \n ■ i>|du = 1 = f n . v ^ 0 y/TK\i\n ■ u|du, 
P(e- 1 L / ./ + e - 1 r(/,/))=0, [ [ £f{n-v}dv = 0. 

JR 3 Jn-v <0 

Note that Proposition 13.81 guarantees the solvability of such linear problems (13.7.11) and (13.7.21) . 
Now define the quantity that we want to bound in the iteration scheme of (13.7.11) : 


E/H :=/W](oc) + ^ A [7](oo)+ £ ^|e At 7l|oo+^||£ At 5 t 7||oo + ||e At P/*IU r Lj,. 
+ l|Si/ f e 2 l|S2/ f || „ 12 + e 2 IIS 2 //H 3 ^ 


(3.7.3) 


L 2 t Lj 


l^lJ~ 


where Si f e and S 2 f e are defined in (13.2.331) . For the sake of simplicity temporally we denote 
K = A[ 7 ]( 00 ) and S{ = #>[/*](«>). 
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For 0 < 770 <C 1 and 0 < Co <C 1, we assume (induction hypothesis) that 

SU P [[[/l] < Vo, \\fohl iV + ll/olU-„ + \\d t fo\\ L l v + W^fo\\L^ v < cov 0 , 


0 <j<e 


(3.7.4) 


||P/ s |U| + [^ 1 ||(I-P)/ s |Ul,J<r?o. 


The condition for the steady solution f s can be achieved by choosing further smaller 1 + 

H 2 (Qi 2) 

II $||ffi(n) in Theorem 1.2 _ 

In order to show that (13.7.41) holds for all £, it suffice to show that (13.7.41) holds for j = t + 1. 
Throughout Step 1 to Step 4 we claim 

am < [[[/i] 2 + omn+ «(i). ( 3 . 7 . 5 ) 

This clearly proves ()3.7.4|1 for all £. 

Step 1. We prove the crucial estimates involving operator T. We apply ()3.7.4|1 repeatedly. 
Applying (13X11) with / = e xt p = g, 

\\u-h- Xt r(e Xt f e ,e xt f e )\\ L ,^ < (i + e^ + e^WY- 


Again applying (13.6.31) with f = e xt f e , g = e xt f£, 

\\u-h- xt r(e xt f e ,e xt f t e )\\ Llxv 

< ^[^||eWlk| r J{[£- 1 |k- i e A ‘(I-P)//|| iU J + e - 1 ||e^S3//|U t%| J 

£ 1 / 4 [ £ 1 / 2 ||e At / f || oo] i /2 ll e At P/^ ll ^ / i i6 [e 1 / 2 ||«,e At / / ||oo][e- 1/2 ||e At S 2 //|l ar 


(3.7.6) 

(3.7.7) 


+ { \\e xt Pf% rL e + 


t x 

< (l + e*WT + conolf% 

Recall (11.4.241) . Applying (13.6.21) with g = ( f w +fs ) and / = e xt f e , 

II ^L fw+fa e xt f% lx v < (1 +£ i+ei)rio[[[f% 

< ^[^||t«ff||oo]{[£- 1 ||e At S3/|U ?iai J + [£ _ 1 II (I — P)/||l2 >Xi J} + ||P5lU r La,J|Sl/|| i?L 3 

+ £ 1/4 [£ 1 / 2 ||5l| 00 ] 1/2 ||Pfllli2 


[£ 1/2 ||u>e At /^|| 00 ] 2/3 y@ x [f e ](oo) + £— 1 1|(I- P)/olU] 1/3 }l|e At S 1 //|| i?i 3 


(3.7.8) 




- 1/2 ||e At S 2 


(3.7.9) 


lIlT 1 


+ [£- 1 ||(I-P) ff || i oo iS jV3 [e §|| ti;fl ||2/3 ] ||p / || L?L ^ i 

Again applying (13.6.21) with / = (f w +f s ) and g = e At //, 

\\v- h Lf w+ f a e xt tt\\ Llx v < (l + e 4 + e?)vo[U% 
step 2. From (ETXfl . (11X71) . (XTXl . (ETTXl . (I3T%1) . and (13.7.101) 


(3.7.10) 


e Xt f e+ \t) || 2 + 


1 


/ 


|e As (l — P 7 )f e+1 \ 2 


2 ^? 


f 


e As (I — P)/ 


II 2 


r 

Jo 


|e As P^ +1 || 2 


< 


Wf^ml+e- 1 [ t \e x °e£!f%_+ f e- Xs \W^T(e Xs f e , e Xs f e )f 2 + f \\u~^ L u+fs e Xs f e || 
Jo Jo Jo 


< (covo) 2 + elKIUtf ]]] 2 + HT + vim\ 
and 


He At // + 1 Wll 2 + 


1 


f 




(l-P 7 )/? +1 | 2 + 


1 


[ 


As 


(i-p )ft 


: t+l || 2 


/* 


|e As P// +1 || 2 


< 


< 


Wft^ml+e- 1 [ t \e Xs e£>ft\l_+ f e- Xs \\v-?T{e Xs fXe Xs f i )\\l+ f \\v~^ L fw+fa e Xs fl\\ 
Jo Jo Jo 


(covo) 2 + e\\K\UU e r + illfT + v 2 olllfT- 


, 2 nr »in4 
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Therefore we conclude 

4 +1 + ^ +1 < {it/']]] 2 + omf e i + o(i)(vo)y 


(3.7.11) 


Step 3. We apply Proposition 13.41 to (13.7.111 : Set 

/ = eV + \ 

9 = —e~ 1 L[e xt f e+1 ] + e\[e xt f e+1 ] + L fw+fa [e xt f e ] + e~ xt T{e xt f e , e xt f e ) + £ 2 -^[e At f t+1 ]. 


Then, from (13. 7. 61) and (13. 7. 91) . 

\\Sie xt f e+1 \\ L?L3 +e-Y\S2e Xt f e+1 \\^™ 


< 


- e- 1 L[e xt f i+1 ] + eX[e xt f +1 ] + L fiu+fa [e xt f] + e - At r(e A M e xt f) + e 2 ^[e xt f +1 ] 


0 xt fi+l 


„\t , „-Xt-rf„Xt ?£ „Xt fl\ I _2 ^ ' v r„A t jl+li 


+ \\ eXt f e+ 1 \\Ll„ v + \\e Xt f e+ 1 \\ L ?L* + ||/o|U^ + ||[v • V x + £ 2 d> • V„]/o||l2^ + ||/o||l2( 7 ) 

< (1 + £A + £ 2 ||$||oo)^a + 1 + Mo + I/WH + covo. 

From (13.7.111) 

l|Sie A ‘f +1 ||L?L3 + £-i||S 2 e At / m |L 2r¥ < W+o(l)rio. (3.7.12) 

l-'t 

Similarly, we apply Proposition 13.41 to (13.7.21) : Set 

/ = e A 7/ + \ 

9 = -e- 1 L[e Xt f? +1 ] + eX[e xt f t e+1 ] + L u+fa [e xt f?} + e~ xt [T(e xt f[, e xt f e ) + T(e xt f e , e At //)] 
+£ 2 ^[e At // +1 ]. 


Then 


l|Sie At // + 1 ||L ? L 3 +e-^||S 2 e At / 7 1 |U ? L 3 < [[[f}f + 0(1)770- 


At f£+l I 


7^1112 


(3.7.13) 


Step 4- We apply Proposition l3.10l to (13. 7. ID : Set f = e xt f e+1 . Note £ 1 Le xt f l+1 = e 1 i/(v)e xt f i+1 - 
£ —1 f R3 k(v, u)e xt f e+1 (u)du with v{v) ~ (u) and |k(u, u)| < k p(v,u). Moreover, 

£~ 1 u(v) - eX - ~ £—^C(v) £A £1111oo|"IA| > £~ 1 C 0 (v). 


Therefore (13.4. ID . the condition of Proposition 13. 101 is satisfied with the following setting 
g = L fa [e xt f e ] + e- xt T(e xt f e ,e xt f e ), r = £e xt f 0 = f 0 . 

By Proposition 13. 101 from (13.4.21) . 

£i||e A W +1 |k t »„ 

< £5||w/^ + 1 (0)|| oo +£^ max sup £||e At w/ J ||oo + £ sup £ 1/2 ||e'M0/*|| O o 

0—.7—^ 0<t<oo 0<t<oo 


-1 


L u+fa [e xt f} + r(e xt f,e xt n 

In A o —x ( 


+ £ 2 sup || WV 

0<t<oo 

+ \\e Xs Pf e+1 (s)\\ LrL e + l\\e x °(I-P)f+'(s)\\ LrLlv . 
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Using |tor±(io 1 ,w 1 )| < (v) < u, we obtain 
e* sup ||w- 1 e- A *r(e At /^e A 7 £ )||^ <e 1/2 [ sup ||e^e At 7|| 00 ] 2 |u- 1 u;r(w;- 1 ,u;" 1 )! 


0<£<oo 


0<£<oo 


<£ 1/2 [ sup \\e^we xt f e \\oo] 2 < e 1/2 [[[/ f ]]] 2 , 

0 <t<oo 

< 7|W 1 r ± ( £ 7/ t „+/ s ),e At 77)| 

< 7 (/u, + /s)||cx)||'U>e At [£5/ £ ]||oo|u _ 1 'U;r±(w _1 , w _1 )| < £% \\we^ (f w +fs)\\oo\\'W£^ f e \\oo 

<e 1/2 V0lf% 

Using Corollary 13121 with / = e Xt f i+1 , g = [e~ xt T(e xt f e , e xt f l ) + e~ xt L fs e xt f?\, r = e xt e£f e 
and g t = £~ xt T{e xt f e , e xt f t e ) + e - At r(e At 7, e xt f l ) + e~ xt L fs e xt fX r t = e xt e£f t e , we have 

||P/ m e At || it -£S < A||/o|| 2 +e" 1 ||(I - P)/o||, +e-’||(l - P 7 )/o|| 2 , 7 

+¥+\t)^ + (A + 2 s)4+\t)? + \\e xt Ee xt £f\\ LTL ^ + \\sh xt (v)- 1 wee xt ^f e \\ LrL ~ (j) 

+ l|e A V-i [e~ xt T(e xt f e , e xt f e ) + e~ xt L u+fs e xt f e ) \\ L ~ L ^ 

+ £ i||e A ‘(u)- 1 u;[e- A ‘r(e A V'^e A 77+e- At 7„+/ 3 e A V7lU & ,„+^l|e At ^)- 1 ^f|U» 

+ £ i||(u)u;[e- At r(e A 7'^e A 7/)+e- At r(e A 7/,e A 7 f ) + e- At 7 m+ / 3 e At 7]l|Lr^- 

By (EZHD-UmnD, and (Id.7.111) . 

£ ^||e A W m IU^ + ||P/ m e At |||oc L a < [[[/7]] 2 + 0 (l)%. (3.7.14) 

Now we consider d t f e+1 . Apply Proposition l3.10l to (13. 7. 2 D : Set / = e At // +1 - Note e~ 1 Le xt f^ +1 = 
£ _ 1 u(u)e At // +1 — e_1 / R 3 k(u, u)e xt ft +1 (u)du with v{v) ~ ( v) and |k(u,u)| < k^(u, u). For Propo¬ 
sition [ddU] we set 

g = Lf w+ f B [e xt f[] + e~ xt T(e xt , e xt f e ) + e~ xt e 1 ^ 2 T(e xt , e Xt ft), 
r = ee xt d t J2ft, f 0 = d t f 0 - 
From (13.4.31) . 

7 \\e xt wff: +1 \\L?° 


1 , 


< £5 ||u;/r A (0)||oo + S *e\\we M ‘2f t \\ L ~ + -ll^/r^lUr^,. 


+£ 2 sup \\wv 

0<£<oo 


Lf v+ f.[e xt f*] + e~ xt r(e xt ft , e xt f) + e~ xt T{e xt f\ e xt ft) 


A 7/ +1 i 

— Xtj^/Xt ft Xt rt\ 1 _ — Xt-v^/Xt rt Xt ft\ 


From |u;r±(ui 1 ,w *)| < (v) < u, 

£ i sup \\wv- 1 e- xt T{e Xt fl,e xt f e -)\\ oo +ei sup \\wv~ 1 e~ Xt T{e Xt f\e xt f^W^ 

0<£<oo 0 <£<cxd 

< £ 1 / 2 [|| £ ^e A 7'1oo][||e^e At //l|oo]|u- 1 u;r( U ;- 1 ,u;- 1 )| 

< £ 1 /2[|| e 7>e At / £ ||oo][||e^e At //l|oo], 

^wv -1 L fw J r f B e xt fl\ < £^\\w{f w +f s )\\oo\\uie xt £^ ft Woo- 

Altogether 

£ 5||e A W/ +1 |U^,„ < £ i||^//+ 1 (0)|| ao + e S||^||o 0 ||e A W/l|oo + Ik^/^IUoo^ 
+£^[\\£^we xt f e \\ 00 ][\\£^we xt ft \\oo + \\w(f w +f s )\\oo\\we xt £i f t e \\oo], 
and therefore 

£ i||e A W/ +1 ||^,„ < [{[IT + 0 ( 1 ) 170 . (3.7.15) 

Collecting (13. 7. IIP (13.7.121) . (13. 7. 131) . (13. 7. 141) . and (13. 7. 151) . we prove the claim (13.7.51) . 
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Step 5. We repeat Stepl ~ Step 4 for R e+1 — R e to show that /r is Cauchy sequence in L°° D L 2 
for fixed e. Now we pass a limit £ —> oo in L°° D L 2 to conclude the existence. The proof of 
uniqueness is standard. (See [18] for details) 

Step 6. The proof that the components of the limit f± satisfy the unsteady INSF system [1. 4. 221 is 
achieved similarly to the steady case and will not be repeated here. □ 

3.8. Positivity of Solutions. In this section, we prove the non-negativity of F s in the main 
theorem. The proof is based on the asymptotical stability of F s (Proposition 13.4[l and the non¬ 
negativity of unsteady solution. 

Proof of the non-negativity of F(t,x,v) in Theorem ] 1 ,3\ and F^(x.v) in Theorem, 1 1. 11 

We use the positivity-preserving sequence as in [30, 48| . Set F°(t,x,v) = F 0 (x. v) > 0 and for 
t > 0 

d t F e+1 + -v ■ W x F e+1 + e$ • V v F e+1 + \v{F l )F i+1 = \Q+(F e , F e ), 

£ £ A £* 

F e+1 (x, i>)| 7 _ = M w f F e+1 (x, u){n(x) ■ u}du, F e+1 (t, x, u)| t=0 = F 0 (x, v), 

J n(x)-u>0 

where v(F)(v) = f R3 du / g2 dcoB(v — u,u)F(v *). 

Note that F l+1 > 0 for all t by proof of Theorem 4 in page 807 of [30] . 

Step 1. We set F l = g + ef c ^/Ji and let F°(t,x,v) := Fq(x,v). We claim that, there exists 
0 < T = T(||eu;/^(t 0 )|| oo ) -C 1 and C\ = C'i(T) 1 for any t 0 > 0 such that 

sup \\£wf e+1 (t)\\ oo <C 1 {\\£wf l+1 (t 0 )\\ oo + ( sup ||ewi/ £ (t)|| 00 ) 2 + 0(e 2 )||A||oo}. 

to<t<to-\-£ 2 T to<t<to+£ 2 T 

(3.8.1) 

It suffices to show (13.8. ID for to = 0. Clearly (13.8. ID holds for t = 0. Now we assume (13.8.ID for 

0 < l < £. 

Clearly, / £+1 solves 

d t f e+1 + e-'v ■ V x f +1 + £$ • X/ V f l+1 + e—^—f e+1 + e~ 2 vf +1 - e~ 2 Kf e 
= ( 3 - 8 - 2 ) 
f e+1 |t=o = /o, 

where A = 2$ • v^/Ji. The boundary condition is given by 

/ £+ V = P 7 / +1 + e£f e+1 . (3.8.3) 

Define h e (t,x,v) := wi(u) _1 /^(t, x,v). Note that 

v{v) := v{v) - —-- £n(y/Ji)\\wf I> — £ («}• 

We define k such that f R3 k(v, u)^f(u)du = K f+ev(f e ^Ji)[f w }^JI-£[T + (f w , f e )+T + (f e , f w )}. 
Then k(ii, it) < k p(v,u). 

Then, for t\< s <t 

^ [| eh i+ \s, y c ,(s; t, x ,«), Wd(a; t, x, v))\e~^ *" a Wr**,.))dr] 

< \e~ 2 k l 3 (W c i(s;t,x,v),u)\eh l (s,Y c i(s;t,x,v),u)\du 

L J R3 

+e- 2 (W cl (s-,t,x,v))\\eh e (s)\\ 2 00 + \A\}e~ ^ 

< {1 + (Wd(s; t,x, u))||e/i £ (s)|| 00 }||£/i f (s)|| 00 £ _2 e _ ^ t e - 2£ '( WAcl ^ T ; t,:E ’ ! ')) dT 
+ \\A\\ x £ 2 e- 2 e -f‘ e ~ 2 ^ w ^ T ’ t ’ x ’ v))dT , 

where we used the fact f R3 kp(W c i(s',t,x,v),u)du < 1 and wT(^-, ^-)(v) < (u)||£ft/||^ 0 . 
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Then, for t G [0, £ 2 T], 
| eh e+1 (t, x, u)| 


< 1 


{«i<0} t 

t 


-CT 


|| eh i+1 


o-fs 


-£—dr 


d S 


'max {0,ti (x,v)} 


{(l + (Ki(t-^;t,x,i;)})||^( S )|| 00 )|| £ ^( S )|| 00 + e 2 ||A|| 00 } 


L {ii>0} 


e ft i ^ 0 (e)/i(hi)= +l { i 1 > 0 } 


- f~ 

o Jt j_ 


i/(t-— ;t,x,v) 


dr 


where if is given by 

E 1 h +1 <o<t i ll^ +1 (o)lloon^ 1 


w(Vm) 


1=1 


E 


; = 1 •/max{0,t i + i} 


ti>0 


{(l + (Kl(t 


lh(Vcl(fm+l - 
t — T , 




-dE,(0) 


It , 1 


H, 




)})|| £ ^(t)|| 00 || £ ^(t)|| 00 +£ 2 ||A|| 00 } 


xn: 


l-l 


w 


(^m) 


fc -1 


+ E 1 h>o°( £ )M(^)^ 


lh(Vcl(tm+l 

U>{Vm) 


") v m)) 


-dS;(r)d7 


Z=i 


+ l t - fe> ol|e^ +1 (4)||oon^l 2 1 - 


w{V c l(t m +l ~ -^lO) 

w{Vm) 


-dS;(^+i) 


lh(V c l(im+l 
and dS k-i(tk) is evaluated at s = tk of 


" j v m ) ) 


dSfc-i(ifc) 


d£ z (s) := {n^/ + 1 dCT ? }{e 


_ rt; ■ > (Vcl( t |-'i i l-bt i ,x i ,„ i )) 

Js ^2 U ' n 


<(vi)dai}U l - \{e ^b+i 




dcr. 


Recall (13. 4. 1911 . With the choice of k = C\T t E (clearly 0 < t < e 2 T <C eTq), for t G [0, £ 2 T] 
| £ // + 1 (t, x, u)| 

< C'iT 0 j/ 4 {e _CT || £ h £+ 1 ( 0 )|| oo +T sup || £ //(s)||oo + £ 2 M||oo + 0 ( £ 2 ) 

L o <s<t 

f v(V c i(t- ^;t,x,v)) _ ft dr 

Co-?- e • 


dsx sup || £ //(s)||E 

0 <s<t ) 


<1 


+ TE{i } C2T ° 5/4 sup || £ ^(- 
*• z J n<s<* 


For T 0 1, 0<T<1, and 0 < £ < 1, we then established (13.8.111 . 

Using (13.8.111 with a small initial datum and an induction in £, we deduce 

o 1 $ ||sTq || oo + £ 2 ||A||oo + 0( £ 2 ), 


sup || eh £+1 ( 

0 <t<e 2 T 


for Ci > 10 Ct o . 

Step 2. From Step 2, wf e —> wf weak-* in T°°([0, £ 2 T] x fl x R 3 ) up to subsequence. Clearly / 
satisfies the bound (13. 8. IF On the other hand, applyig the argument of previous step to f i+1 — f e , 
from (13.8.11) we can prove that wf 1 is a Cauchy sequence in T°°([0, e 2 T] x flx R 3 ). It is standard 
to show that / solves (13.8.211 and (13.8.311 with f e+1 = f = f e . Therefore F = p + Etp^/Ji solves the 
Boltzmann equation with diffuse BC. Since the unique solution / has a uniform-in-time bound 
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from Proposition 11.31 we can continue the Step 2 for [e 2 T, 2e 2 T], [2e 2 T, 3e 2 T], ■ ■ ■ , to conclude 
wr e —*■ wr in L°°(R+ x fl x R 3 ). Therefore F l —> F > 0 a.e. 

Step 3. Let, for sufficiently large m, 

F 0 (x,v) = P T y/p£(fw T/sT/( 0 ))-f-/i 2 ^ 1|?;| >m|i 0 g e |. 

Clearly, by the L°° estimate of f s we have F( 0) > 0. Moreover, Fq satisfies the assumptions of 
Theorem 1.2. By Theorem 1.2, we have \\F(t) — F S \\ L 2 < e~ xt . Then, as t —> oo, for any non 
negative test function ip(x,v), 


> 

> 


// F s (x,v)ip(x,v)dxdv 

JJnx r 3 

// F(t,x,v)i/j(x,v)dxdv + 0(1) // \F s (x,v) — F(t,x,v)\tp(x,v)dxdv 

JJcixR 3 JJ OxR 3 


0 - 0(l)\\F(t) - F s \\ L 2 {nx&3) 

0 . 


This proves F s (x, v) > 0 a.e. 


□ 


3.9. Local-in-Time Validity. 


Proof of Theorem \1.6l We fix a time interval [0, T] and a Lf°C xv solution to the INSF system in 
this interval with Dirichlet boundary conditions on dfl. Under the assumptions of Theorem 11.61 
are well defined the functions 


Id 2 - 3 

h = V^[p + u-v + e —-—], 

(3.9.1) 

1 3 3 | |2 o 

/ 2 = 77 y~] #/ij[dxiUj, s + d Xj Ui, s \ + ^2 &id Xi 0 - T _1 [r(/i, /i)] + — 9 2 y/Ti, 

i,j =1 i =1 


with 0 2 = p — f p — Op. We write the solution to the Boltzmann equation as 

F = jl + £y/JI[fi + £ 2 fl + £ 2 R], 

so that R satisfies the equation 

d t R + £ _1 v ■ X7 x R + £<b • V„ R. + £~ 2 LR 

= £~ 1 Lf 1+e f 2 R + £~ 1/2 T(R, R) + £—^—R + A, 

where 

A = -(I - P)[u • V x (/ 2 + h)\ ~ 2r(/i, f 2 ) 

- e{d t f 2 + $ ■ -J=V„ [Vd(/i + e/ 2 ))] - r(/ 2 , f 2 )}, 

and the boundary condition 

i?| 7 _ = P 7 R + eJ3R + e 1 ,/ 2 r, 

where r := £ _1 [/W ^(fiyfp) - fi] + ^(f 2 y/p) - / 2 ]- 

We use the iteration scheme 

d t R e+1 + £~ l v ■ S7 x R l+1 + • S7 v R t+1 + £~ 2 LR e+1 

= £~ 1 Lf 1+ef2 R e+1 + £- 1 / 2 T(^, R?) + -R e+1 + e^A, 

R e+1 | 7 _ = P 7 i ? f+1 + £^R e + £ 1/2 r, P £+ 1 |t=o = Ro- 


(3.9.2) 


(3.9.3) 


(3.9.4) 


Here we set R°(t,x,v) := Rq(x,v). 


(3.9.5) 
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Clearly R*j. := d t R l solves 

d t R e t +1 + e~ 1 v ■ V x R e t +1 + £$ • V v R[ +l + £~ 2 LR e t +1 
= £- 1 L fl+eh R i t +1 +£- 1 L dtfl+Edth R e+1 +£- 1 / 2 [T(R i t ,R e )+r{R e ,R e t )} 

+ e^Ri+ 1 + £~^d t A, 

R e t +1 {t,x,v)\r 1 _ = P 1 R t t +1 + £J2R[ + £ 1 / 2 9 t r, R*j. +1 \t=o = d t Ro- 

We use 


(3.9.6) 


\\( v )~ 1/2 Lf 1 +ef 2 R e \\ L ^[0,t]) L l v 

< 

IH/l + £ f2\\\L^ x J\R i \\L^ao,t])L 2 XtV 

\\{v)~ 1/2 L f 1+eh R[\\ L 2 ^ 0 ^ )L 2 xv 

< 

II w \fl + £ h\ ll-^t Hi?([ 0 ,t])L| „ ) 

\\(v)~ 1/2 L dt f 1+£dt f 2 R i \\ L 2 ^ 0t])L 2 v 

< 

\\w[dth + £ d t f2]\\L^J\R*\\ L *ao,t])L] 


In all the estimates the time interval is restricted to [0,T]. Let 

JT = max{||w[/i +£/ 2 ]||l« \\w[d t fi + £d t f 2 }\\L^J- 

We use Corollarv l3.14l and Lemma 13.151 and repeat the Step 1 in Subsection 13.71 Step 2 is replaced 
by the inequality 


l^ +1 (*)lli| „ + £ 1 |l(l — ^7)^ +1 |li?i,2( 7 ) + £ 2 J 


< 


11 Rq 11 £2 +j(r\\R e+1 \\ L 2+£t\\r(R t ,R t 


(I-P )R‘ 


i^+l II2 


■£ t MII 


Mlw 


(3.9.7) 


Using Gronwall’s inequality, we thus obtain for t £ [0,T], 


I R 


•i+i ( 


\h 


<re^M||r(i^,^)||i rLSiB + e^ t {r[£*||A||ic. iSiii + ||r||i« i ,] + ||i2o||i Sif ,}. 


(3.9.8) 

A similar estimate holds for R t . Steps 3 and 4 are the same as in Subsection 13.71 but for the 
fact that the non linear term is multiplied by an extra factor £=. We conclude that, for any fixed 
T there is an e(T) such that Te J ^ T £^ -C 1 and the inductive hypothesis holds for R e+1 for any 
£ < £(T). 

We repeat this process with R e+1 — R l to show that R e is a Cauchy sequence in L 2 CiL°°. Then 
it is standard to conclude the existence and uniqueness. □ 


Appendix A. Extensions and Compactness 


A.l. Extension. 


Proof of Lemma \S.6\ 

Step 1. In the sense of distributions on [0, oo) x f l x 1R 3 , 

£dtfs + v ■ V x f 6 + £ 2 $ ■ V v fs 
r n(x)-v ,£(a;)c 

= i-x(— ~ 5 —)x(— 

x [lte[ 0 ,oo)ff + lte(-oo,o]X(^){ £ ~^y' + v ■ V x + £ 2 < I> • V„}/o(a:, v)] 

+ [lte[ 0 ,oo)/ + l t e(-oo,o]XW/o(a:, v)] {v ■ X7 x + £ 2 <L • V„}([1 - U )x(^y^)]x(%l)) • 

(A.1.1) 
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Note that, 

{«'V r + £ 2 <h • V„}[1 - x(^)x(^)]x(*M)| (A. 1.2) 

- • Vxii(a;) • v + £ 2< h • n(x)}x' ^ )x(^y^)x(%l) 

- -gV ■ V x £(x)x (^)x(-^—)x(<*M) + e 6$ ' nX' (<*M)[1 - x(-^—)x(^)] 

< |(l^| 2 Heilo- +£ 2 ||*||oo)x(< 5M) + ^MxW) +e 2 6\m oo l lvl < 2S - i 

This proves the second line of (13.2.131) . Since [l — x(~%^—) x(^tp)]x(^M) < 1, we prove the 
first line of (13.2.13|) directly. 

Step 2. We claim that if 0 < £(x) < C8 4 , \n{x) ■ v\ > 8 and |v| < | then either £(xf(x, v)) = C8 4 
or £(x\,(x,v)) = C8 4 . 

To show this, if v ■ n(x) > 8, we take s > 0, while if v ■ n(x) < —8 then we take s < 0. From 

mi, 

£(A(s;0,:z,i;)) = £(x) + [ V(t-,0,x,v) ■ V x £{X(t-,0,x,v))<1t 

Jo 

= £(*) + f\v + 0(l)e 2 ||$||ocT} • {V^(z) + 0(1)||£|M|«| + £ 2 ||$I|oot)t} 

Jo 

= ax) + V ■ W x ax)s + 0(l)||^||c 2 {k| 2 s 2 + £ 2 ||$||ooS 2 + el-hllooMs 3 + e 4 ||$||Ls 4 }- 

From £(x) > 0, 

Iloilo 2 


aX{s-,0,x,v)) > <5|s|{l 
S\s\{ 
S\s\{ 


> 

> 


1 - 
1 - 


ll£llc 2 r 1 


w| 2 |s| +£ 2 ||$||oo|s| +e 2 ||$||ook||s| 2 +e 4 ||$||^|s| 3 J} 

1| S | +£ 2 ||$||oo| S | +£ 2 ||$||ooi| S | 2 +£ 4 ||$||L|s| 3 ] } 

} > (A.1.3) 


6 S ^ 

1 f £ 2 d 2 ||$|| 00 f £ 2 J 4 ||$|| 00 , £ 4 d 8 ||$|| 2 

4 


16 
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for 0 < Isl < 


- |0 ' - 4(1+||C|| c2 : 


and 0 < £ < 1. Therefore 


^(F(s; 0 ,a;,t;)) = £(A(^; 0 , x, v)) > <5^, 


for all 0 < |s| < 4 ^i + ^|| 2 j with 0 < £ < 1. Especially with £s* = + 4 ( 1 -ff|^|| 2 ) f° r n ( x ) ' v > ^ 
and £S» = - 4( i + fg|| c2 ) f or n(x) ■ v < 8, 

av(s*;0,x,v)) > C8 4 . 

Therefore, by the intermediate value theorem, we prove our claim. 

Step 3. We define f E (t,x,v) for (x,v) £ [K 3 \H] x R 3 : 

f E {t,x,v) := f s (t-etl(x,v),xl(x,v),vl(x,v))x{^l)x(tt(x,v)) if xl(x,v) e dfl, 

Go 4 

:= fs(t + £tf(x,v),Xf(x,v),Vf(x,v))x(^j)x( t f(x,v)} if x$(x,v) e dQ, ^ A ' L4 ^ 

Go 4 

:= 0 if Xb(x,v) ^ dfi and x% (x,v) ^ dfl. 

We check that f E is well-defined. It suffices to prove the following: 

If x^(x,v) £ dfl and Xf(x,v) £ dfl 

then f s (t - etl(x,v),xl{x,v),v £ (x, v))x (= 0 = fg{t + et* f (x,v), x* f (x,v), Vf (x,v))x (^-) • 
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If |ra(Xb(a;,t>)) • v^(x, u)| < <5 or \v^(x,v)\ > y then f s (t - £t^(x, v), 2 ^( 2 , v), v£(x, v)) = 0 due 
to (13.2.51) . If n{x^(x,v)) ■ v£(x,v) > 5 and (a;, i;)| < y then, due to Step 2, (x, v)) = 

£(. x f( x b(. x > v )> v b( x i v ))) = so th a t x f( x > v ) i 

On the other hand, ii\n(Xf(x,v))-Vf(x,v)\ < 5 or |n|(x, v)| > y then fg(t+etf (x, v), x% (x, v), v% (x, v)) 
0 due to (13. 2. 51) . If n{x^{x, v)) ■ v f (x, v ) < —S and |v| (x, v)| < y then, due to Step 2, £( 2 ^( 2 , v)) = 
^(x^(Xf(x,v),Vf(x,v))) = CS A so that x^(x,v) ^ dtt. 

Note that 


/s(t, x, v ) = fs(t, x , v) for all x £ dfl. 


(A.1.5) 


If x £ dCl and n(x) -v>5 then ( 2 ^( 2 , v),v^(x, v)) = ( 2 , v). From the definition (IA.1.41) . for those 
( 2 , 2 ), we have /^(t, 2 , v) = f$(t , x,v). If 2 £ dfl and n(x)-v < —5 then ( 2 !( 2 , 2 ), 2 j? (x.v)) = ( 2 , 2 ). 
From the definition (IA.1.41) . we conclude (1A.1.5|I again. Otherwise, if —5 < 71 ( 2 ) ■ v < 5 then 
/e |an = 0 = fs\on- 

Step 4- We claim that Je{x,v) £ L 2 ([R 3 \fI] x R 3 ). 

From the definition of (IA.1.41) . we have /e(x,v ) = 0 if 2 ^( 2 , v) ^ dfl and 2 ^( 2 , v) ^ dfl. 
Therefore, from ()A.1.4(1 . 


'-OO j4[R3\n]xR 3 
roo 


2 , v)\ 2 dxdvdt 


-00 4 j[R 3 \n]xR 3 


^-x?(x,v)£dQ\fE\ T / II IxpC^oI/eI 

J- 00 4J[R3\n]xR 3 


[R3\n]xR3 


l^(a : ,0e9n|/5(i-^b I a:b ! O| 2 |x(^)| 2 |x(ib)| 2 d2dt;dt (A.1.6) 


lxt(x,v)edn\fs(t + eif, 2 f,^)| 2 |x(^j)| 2 |x(if)| 2 d 2 dudt, (A.1.7) 

'-00 j4[R3\f2]xR3 Co* 


where (^bi^bi^b) an d (tf> x fi v r) are evaluated at (x,v). 
By (12XTTD , 


(1X01) < dt 


J 

) Jo 




dS , a; dvds{|n( 2 ) • u| + 0 (e)(l + |w|)s} 


< 


< 


'—00 J dQ, J n(x)-v >0 J 0 

X | fs(t- £S, x b(X(s; 0, 2 , 2 ), V(s; 0, 2 , 2 )), v£(X(s; 0, 2 , 2 ), V (s; 0, 2 , 2 ) 

f dt f f ( \fs{t,x,v)\~{\n(x) • u| + 0 (e)(l + | 2 |)s}dsd 2 dS' x 

J —00 JdQ Jn(x)-v >0 JO 


L 


dt / / \fs{t,x,v)\ \n(x)-v\dvdS x <\\f s \\ 2 L 2 (MxdnxM 3 ) , 

—00 JdQJn(x)-v> 0 


where we have used the fact, from (13. 2. 41) . 0(e)(l + M)|s| < 0(e)(l + y) ^ 8 < \n(x) ■ v\ for 
( 2 , 2 ) £ supp(/a), and, for n(x) ■ v > 0 , 2 £ dfl, and 0 < s < t^{x,v), 


( 2 b(X(s; 0, 2 , v), V (s; 0, 2 , v)), v £ 


(A(s; 0, 2 , 2 ), V(s; 0, 2 , 2 ))) 


( 2 ^( 2 , v), vl ( 2 , v)) = ( 2 , 2 ), 


and t^(A(s; 0, 2 , 2 ), It(s; 0, 2 , 2 )) = s and the change of variables t — es 1 —> t. Similarly we can 
show 42X7D < ll/ 5 |li 2 (RxanxR3) . 
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Step 5. We claim that, in the sense of distributions on R x x 

edtf E + v ■ V x f E + e 2 $ • V v f E 


(A.1.8) 


fs{t - £tl(x,v),xl(x,v),vl(x,v))x{tt(x,v))l x ^ XtV)ed n 
+ fs(t + £ff ( X , v), Xf (x, v), Vf (x, v))x(ti (x, v))l Xf (x,v)£dCl 

£(x) 

+fs(t - et* h (x, v), xl(x, v),vl(x, v))x(-£^)x!(fh(x, v))l x . b ( XtV ) € an 
- fs(t + £tf(x, v), xl(x, v), v£(x, v))x(^rj;)x'(tf(x, v))lx*( x ,v)edQ- 


Note that 


[ed t + v ■ S7 X + £ 2 <F • V v \f(t - et^(x, v), x^{x, v),v^(x, v)) 

= [ed t + v ■ V x + £ 2 $ • V„](i - etk(x,v)) xd t f(t - et^(x,v),x^(x,v),v£(x,v)) 

^ v ^ 

+ fa • +e 2 $ • 'V v ]f(s,xl(x,v),vl(x,v))\ s = t _ £t ^ XiV ), 

[ed t + v-S7 x + £ 2 $ • V v ]f(t + etf(x,v),Xf(x,v),Vf(x,v)) 

= [ed t + v ■ V x + £ 2 $ • V„](i + etf(x,v)) xd t f(t + etf(x,v),Xf(x,v),Vf(x,v)) 

"- v ---' 

+[f • V* +£ 2 <h • V. v ]f(s,Xf(x,v),Vf(x,v))\ a —t-\-et* ( x,v ) • 


The underbraced terms vanish because [v-\7 x +e 2 $-X7 ^(t—et^x.v)) = 


ds 


ds 


ds 


s =0 


{t-etk(X(s; 0, x, v), V (s; 0, x, v))) 


s=0 


s =0 


(t—es) = — £, and [v-'V x +£ 2 $-\7 v ](t-\-£tf (x.v)) = ^ (t+eff(X(s m ,0,x,v),V(s]Q,x,v))) = 


s= o 


(t — es + etf(x, v)) = —£. Moreover, in the sense of distributions on [fi^ 4 \0] x 


v • Vr v/e + £ $ • V v /e 

= ~^ v ~ fs(xt{x,v),vl(x,v))x(tUx,v))l x ^ X!v)edn 

+fs(xf(x, v), Vf (x, v))x(tf (x, v))l x ^ X:V)ean (A.1.9) 

+fs{x b(x, v), v£(x, v))x(^^)}<!{tl{x, v))l xl{x ^ v)&dn 

-fs(xf(x, v), Uf (a;, v))x(Q^)x'(t$(x, v))l x * (XiV)ean . 

For <j> £ C%°([Qc S 4 \SA] x R 3 ), we choose small t > 0 such that X(s; 0, x, v ) £ Cl^ gi \Cl for all |s| < t 
and all (x,v) £ supp(0). Then, from (IA. 1.411 . for (X(s), V(s)) = (X(s; 0, x, v), V(s; 0, x, v)), 


-f E (X(s),V(s)) 

= ^ / 5 «(X(s),y(s)),<(X(s),F(s)))x(^(X(s),y(s)))l x . (x(a)iy(s))e a n 


+/i( a: KXW,y(a)),«,*(X(a),yW))x(*f(^(*),y(s)))lx; ( x W ,v W)6 sn] ><l(^r) 

fs(x* h (X(s), V(s)),v* h (X(s), V(s))) X (t* b (X(s),V(s)))l xl(x{s)>v(s))ed n 
+fs(xUX(s),V(s)),v*f(X( s ),V(s))) X (t*f(X( 3 ),V(s)))l xHX(s) , v(s))ed n\ x A x (ii|M). 


ds' 

From (a;b(X(s; 0, x, v), V(s\ 0, x, v)), v^(X(s', 0, x, v), V(s; 0, x, v))) = (x^(x,v),v^(x,v)) and 
(x^ (X(s; 0, x, v), V(s; 0, x, v)), Vf {X(s' 0, x, v), V{s\ 0, x, v))) = (xf(x,v),Vf(x,v)) and 

























STATIONARY SOLUTIONS TO THE BOLTZMANN EQUATION... 


73 


0, x,v),V(s; 0, x,v)) = tf (x, v) — s and 0,x,v),V (s; 0, x,v)) = t^(x, v ) + s, 


ds 


f E (X(s),V(s)) 


fs{xb(x, v), vl(x, v))x'(tl(X(s),V{s)))l x ^ Xt v) e gn 
-f s {xf(x,v),vl{x,v))x'{tf{X(s),V(s)))l x *( X7v)ean 


C7 > 4 


fs{xt(x,v),vl(x,v))x{tt(X(s),V(s)))l x ^ XtV)edn 


(A.1.10) 


+fs{xt (x, v), Vf (x, v))x(tf (X(s), V(s)))l x ; (x , v ) ed n ^ V ( s )' ■ 


By the change of variables (x, v) i-a (X(s; 0, x,v),V ( s ; 0, x, v)), for sufficiently small s, 


[^C'«54 \^] XM 3 


/e(x, v){v ■ X x + £ 2 $ • X v }(j){x, u)dxdu 


(A.1.11) 


[[ _ f E {X{s),V{s)){V(s)-Xx+£ 2 $-X v }(l>{X{s),V{ S ))dxdv 

jj [ci^sAn] xM 3 


■if 

././ [S 


\f2] xR 3 


fE(X(s),V(s)) — <j)(X(s), V(s))dxdv. 
ds 


Since the change of variables (x,v) i-A (X(s; 0, x, v), V(s; 0, x, v)) has unit Jacobian, it follows 
that, for s sufficiently small, 


[[ f E ((X(s),V{s))(l>{X(s),V{s))) = ([ f E (x,v)</>{x,v), 

JJ[£lc S 4\^]xl 3 Jj [f2£ 5 4\^]xR 3 


and hence 


f E ((X(s),V(smX(s),V(s)) = 0. 


ds JJ[ o ej4 \o]xi3' 

Therefore we can move the s-derivative on f E : By (IA. 1.101) . 


(1A1.11D 


-fE(X(s), V{s))<l>{X(s),V{s))dxdv 


[n ei5 4\f2]xR 3 ds 

fs{x b(x, v), v£{x, v))x'(tb(X(s), V (s))) l x *( x ,v)ean 


xR3 


-fs(xf(x,v),Vf(x,v))x'{tf(X(s),V(s))) 1 x u XtV ) edn x{^^-) ( P{ x (s),V{s)) 


C6 4 


+ 


fs{xb(x, v),vl(x, v))x(tl(X(s),V{s)))l x ^ Xi v) e gn 

[fjg 4 4\n]xR 3 L 

+fs{xf {x, v),Vf {x, v))x(tf(X(s), V (s)))l x *(x.v)ean 
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From the change of variable (X(s; 0, x, v), V(s; 0, x, v)) e-X (x, v), 


BUB = // [fs(x^(x,v),V^(x,v))x'(t^(x,v))l K(XtV ) edQ 

JJ xR 3 

-fs(x%(x,v),v%{x,v))x'(tf(x,v))l x * iX ' V) £ dn ]x( ! ^)<t>(x,v) 


+ 


fs(xl(x, v), v£{x, v))x(tb(x, v))l x * frozen 

[^C<54 \^] XR 3 

+fs(xf{x,v),v^(x,v))x(tf{x,v))l xi ( XjV ) ea a v • V x £{x)x'x,v). 


Hence (IA.1.81) is proved. 

On the other hand, following the bounds of (IA.1.61) and (IA.1.71) in Step 4 we prove the third 
line of (13.2.131) . 

Step 6. We define f(t,x,v ) for (t,x,v) £ I x l 3 x R 3 : 

. fs(tj Xj Il)l(a;,T;)GdxR 3 d“ /e7?) l(x,u)G [M 3 \£2] xR 3 ■ (A.1.12) 

For <j> e (7“(R xl 3 x R 3 ), by Lemma 1717711 

— [ d t ff f(t,x,v){£d t + v-'V x +£ 2 ^-'V v }(/)(t,x,v)dxdv 

J— oo «/«/R 3 xR 3 

= -f dt ff fs{t,x,v){£d t +v-W x +£ 2 ^ ■^v}4 > (t 1 x,v)dxdv 
J —oo JJ Qx R 3 

— f dt ff f E (t,x,v){£d t +v-'S/ x +£ 2 ^-'S/ v }(j)(t,x,v)dxdv 

J- oo JJ[ R 3 \£2]xR 3 

/ OO f n OO n 

dt / fs(t,x,v)(j)(t,x,v){n(x) ■ v}dS x dv + / dt f E (t,x,v)(j)(t,x,v){—n(x)-v}dS x dv 

-oo J 7 J —oo J 7 

+ [ dt ff {£dt + v-Vx + £ 2 ® ■'y v }fs(t,x,v)(l)(t,x,v)dxdv 
J —00 JJ £ 2xR 3 


dt // {ed* + w • V x + e 2 $ • V„}/ B (ar, u)</>(£, n)dxdn, 

^—OO i/\^]XR 3 


where the contributions of {t = 00 } and {t = — 00 } vanish since <f(t) € C£°(R). 
From (IA.1.51) . the boundary contributions are cancelled: 

/ OO f n OO /• 

/ fs(t,x,v)(f)(t,x, v)d'fdt - / / f E {t,x,v)(/>{t,x, v)d'fdt = 0 . 

-00 J 7 J — 00 J 7 


Further from (IA.1.11) and (IA.1.81) . we prove that / solves (13.2.61) in the sense of distributions on 
x R 3 x R 3 . □ 


A.2. Compactness of ATJz? 1 . 


Proof 0 / Lemma fl.Ill From Proposition 12. 101 2 §f 1 maps L 2 to A 2 so that sup n ||/"||l 2 < + 00 . 
Step A We approximate AT by a compactly supported smooth AW- 




























STATIONARY SOLUTIONS TO THE BOLTZMANN EQUATION... 


75 


For any N 1, by the Holder inequality, 

ll-^(^-{|u|>A , 'or |^|>Aor \v— u|<-^-}/)l|2 

k(u, w)1{| u |>jy Qr or |«-ii|<-L } f(u)du 


< sup 1 / / |k(u, u)|du x sup a / |k(it,it)|di; x ||/|| 2 

/|u|>AT u V Jr 3 


+ sup 4// |k(u,u)|du x sup, / / |k(u,u)|dw x II/II2 

« V •'R 3 u V 


, , g—S|u — u| 2 

+ sup 4/ / |k(u, it)|dit x sup - ' ' 

V \ J R3 u V iR 3 l U - w l 


>-•u|<^.du x ||/|| 2 < o(l)||/|| 2 


2 

-AM* 


where we have used the fact f R3 k(v,u)du < 1, f R3 k(v,u)dv < 1, and / R3 —r^r—l|u|<-L = o(l). 
Note that 

k(v,u) = ki(u, it) — k 2 (it,it), with ki,k 2 >0, 

and therefore k»(w, u)l { | tt |< JV & |„|<jv & |«-«|>-^} > 6 for 0 < 6 <1. 

We now define Kysf := f kjvf with 

k n(v,u) = k liN (v,u) - k 2 ,n(v,u) 

:= ki(u, u )1{|m|<at & |v|<JV & |v-«|>^} * ^ ( u ) 

— k 2 (u, u)l{| u |< Ar & |„|<jv & |^— M |>-i,} * 

/• /■ , (A.2.1) 

= / du'(j)i(u-u') dv'(f>i(v — w )ki(i;,u)l{| u i<j V & |„|<jv & |v-«|<4} 

jR3 JR3 

- du'<f>i(u-u') dv'<j>i(v- t/)k 2 (i;,w)l {H < JV & M < N & \ v -u\< i}> 

jR3 JR3 

where 0 1 is the standard modifiers. In particular, for i = 1,2, 


sup 

/ \K,n(v,u) 

- kj (u, 

u)l 

v t 

1 R 3 



sup 

/ \k iyN (v,u) 

- ki(it, 

it)l 

u t 

/R3 




Consequently, \\K N f - Kf || 2 < o(l)||/|| 2 . 
We denote 


kjv(u,it) := ki ! iv(u,it) + k 2 ,jv(u,it), 


/ 

JR3 


K N f(v) := / kjv(it,it)/(u)dit. 


Note that kj^jv, k 2i jv > 0 and hence k^r > 0 and k^v > |kjv|- 
Step 2. 

We fix S <C 1. Given /”, we define fg as 


fs(x,v):= 1 — x( n ^ X jj V )x(^y-) x(t\v\)f { x,v), 


(A.2.2) 


and extend it to the whole space R 3 xR 3 . We follow the process in the proof of Lemma 13.61 and 
we only pinpoint the difference. 
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Similarly to Step 3 of the proof of Lemma 1717771 we define fg(x,v) for (x,v) £ [IR 3 \0] x R 3 

mx,v) (A.2.3) 

._ e -A^(x,v)+/ 0 [ ' <( -X(0 ,y(t)) _ i g2$ ( X ( T )).y( T )] dT 

xfsixl(x,v),vl{x,v))x(^j)x(tb(x,v)) for x^(x, v) £ dfl, 

Co 4 

:= e ^*Ax,v)+S$ M [ »(^yW) -» e ^(x(r)).V (T )]jr 

r£0)' 


xfs(xt( x > v )> v ii x , v ))x(-^)x{tf{x,v)) for x* t (x,v) £ dfl, 


:= 0 


for Xfr(x,v) £ df1 and x\(x,v) ^ 90, 

where (X(t), V(t)) = (X(r; 0, x, i>), F(r; 0, x, u)). 

Then 

/e(x, v) = fg(x, v) for all x £ dfl, (A.2.4) 

because, if x £ dfl and n(x) -v > 5, then t£( x, v) = 0. If a: € dfl and n(x) ■ v < 6 then tf(x, v) = 0. 
We define f n (x,v) as 

f(x,v) := /i(a;, u)l( a , >w ) g n xR 3 +/e( 2 ;, u)l( x „) e [ R 3\n] xR 3. (A.2.5) 

Note that f n solves 


Xf n + v-Xj n + ^f n +eH-V v f n -^eH-vf n = h n = hZ + h% + h£ + h2, 


where 
ft"( x,v) 

K{x,v) 

h%{x,v) 


l(x,» )e nxR3[l - )g n , 


l(x,u)eOxR 3 f n { v ' • V 

1 


n(x)-v X(x) X(x) 

— $ —)x( — )]x( — )x(% 


.}([!-X( 

1 (x,t;)e[fig 4 4\0] xR 3 ‘ V x £(x)x ( ) 

/«"(*£(*,t')X(*,«))e- At ^ ! '' t ’H/o“ t£(a,, ” > [^^ v( ^i £ 2 *(x W ).v( T )] dTkMeafi 

Atf {x,v)+Jg f <X,I,) _i E 2 $(^( T )).y( r )] dr 


+/r(^F (®) «))lx*(*,rOeane 

= 1 ( X ,v)e[u esi \n]xs^fs( x h( x ^ v )^ v b{x,v)) 

xe -AtlM+/ 0 -‘ S(, " ) [ ^x(OY W ) _r £2$(x(T ) ) . y(r )]d Tx (g^) x/( ^^^ ))1 ^ ( ^ 


>)(EdSl 


+ 1 (a, v )e[n e44 \n]xR3/?(*?(*. w )> (*,«)) 

xe 


Atf (x,v)+Jq^ ^ x,w) [ KA(y( r )L i £ 2 $( x (T) ).y( r) ] dT ^|CW^ / ^^ t) ^ 


Xf (x,v)€dQ,i 


and 


11^1 ||i 2 (R 3 xR 3 ) ^ ||.9 n ||L 2 (nxR 3 ) ) 11^2 IU 2 (R 3 xR 3 ) 11 / ^ 11 i 2 (f2 x R 3 ), 

11^3 lli 2 (R 3 xR 3 ) + 11^4 lli 2 (R 3 xR 3 ) <<5 11 /<? 11Z, 2 (-y) - 

Step 3. For (x, v) £ supp(/), we can choose a fixed T > 0 such that 

X(T;0,x,v) £ supp(/) and X(T; 0, x, v) ^ supp(/i), (A.2.6) 

so that 

f(X(T-0,x,v),V(T-,0,x,v)) = 0. 

Directly, 

|X(T; 0, x, v)-x\ = |vT + 0(e 2 )||$|| 0O T 2 | > ST - 0(e 2 )||$|| 00 T 2 . 

We choose T = ^ for large but fixed C>1 such that |X(T; 0, x, v) — x\ > C — O(^) > ^ 1. 

This proves our claim (IA.2.611 . 
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With this choice T, 

/"(*,«) = - [ T h n {X(s;0,X,v),V(s;0,X,v))e XS+I o -l e 2 $(A(r;0,s.t,))] dr^ 

Jo 

By the averaging lemma [3?], for any given v, 

j kN{v,u)f n (x,u)duGH 1 ^ 4 (M. 3 ). 

Since f n, s support is bounded unformly, by a diaganolization argument, it follows that there exists 
a weak limit / £ L 2 of f n such that for any rational point v 

J kjv(i>,u)/"(:r,u)du —>■ J kitf{v,u)f(x,u)du strongly in L 2 . (A.2.7) 

Since k jy(v,u) is smooth in v with compact support, we deduce (IA.2.711 for all v £ R 3 . 

Step 4- Finally, 

Kf n = K N f n + (. Kf n - K N f n ) = K N p + K N (f n - P) + ( Kf n - K N f n ). 

From Step 3, 

K N fs = K N f n |n -A- K N f\n strongly in L 2 . 

Note that 


1 - 


n(x) * v 

^ X( ^ )x( ^ ) X'(<5|i |) ^ + l|t)|<^,dist(a:,9n)<|,|Ti(cc)-T;|<5- 

Hence, from (IA.2.11) . 

n^iv(r - f?) iu S i , < ii/”- fthi. < ilxslLiinus,. < ow, 
< owiiriu^ < 0 (i). 

We conclude the proof by choosing d<l, l«Af then letting n —> oo. 


(A.2.8) 


□ 
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